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Preface

In General Relativity spacetime is described mathematically by a Lorentzian manifold.
Gravitation manifests itself as the curvature of this manifold. Physical fields, such as the
electromagnetic field, are defined on this manifold and have to satisfy a wave equation.
This book provides an introduction to the theory of linear wave equations on Lorentzian
manifolds. In contrast to other texts on this topic, [Friedlander1975], [Giinther1988],
we develop the global theory. This means, we ask for existence and uniqueness of
solutions which are defined on all of the underlying manifold. Such results are of great
importance and are already used much in the literature despite the fact that published
proofs are hard to find. Tracing back the references one typically ends at Leray’s
unpublished lecture notes [Leray1953] or their exposition [Choquet-Bruhat1968].

In this text we develop the global theory from scratch in a modern geometric lan-
guage. In the first chapter we provide basic definitions and facts about distributions
on manifolds, Lorentzian geometry, and normally hyperbolic operators. We study the
building blocks for local solutions, the Riesz distributions, in some detail. In the second
chapter we show how to solve wave equations locally. Using Riesz distributions and
a formal recursive procedure one first constructs formal fundamental solutions. These
are formal series solving the equations formally, but in general they do not converge.
Using suitable cut-offs one gets “almost solutions” from these formal solutions. They
are well-defined distributions but solve the equation only up to an error term. This is
then corrected by some further analysis which yields true local fundamental solutions.

This procedure is similar to the construction of the heat kernel for a Laplace type
operator on a compact Riemannian manifold. The analogy goes even further. Similar
to the short-time asymptotics for the heat kernel, the formal fundamental solution turns
out to be an asymptotic expansion of the true fundamental solution. Along the diagonal
the coefficients of this asymptotic expansion are given by the same algebraic expression
in the curvature of the manifold, the coefficients of the operator, and their derivatives
as the heat kernel coefficients.

In the third chapter we use the local theory to study global solutions. This means we
construct global fundamental solutions, Green’s operators, and solutions to the Cauchy
problem. This requires assumptions on the geometry of the underlying manifold. In
Lorentzian geometry one has to deal with the problem that there is no good analog
for the notion of completeness of Riemannian manifolds. In our context globally
hyperbolic manifolds turn out to be the right class of manifolds to consider. Most basic
models in General Relativity turn out to be globally hyperbolic but there are exceptions
such as anti-deSitter spacetime. This is why we also include a section in which we
study cases where one can guarantee existence (but not uniqueness) of global solutions
on certain non-globally hyperbolic manifolds.

In the last chapter we apply the analytical results and describe the basic math-
ematical concepts behind field quantization. The aim of quantum field theory on
curved spacetimes is to provide a partial unification of General Relativity with Quan-
tum Physics where the gravitational field is left classical while the other fields are
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quantized. We develop the theory of C*-algebras and CCR-representations in full de-
tail to the extent that we need. Then we construct the quantization functors and check
that the Haag—Kastler axioms of a local quantum field theory are satisfied. We also
construct the Fock space and the quantum field.

From a physical perspective we just enter the door to quantum field theory but do
not go very far. We do not discuss r-point functions, states, renormalization, nonlinear
fields, nor physical applications such as Hawking radiation. For such topics we refer
to the corresponding literature. However, this book should provide the reader with a
firm mathematical basis to enter this fascinating branch of physics.

In the appendix we collect background material on category theory, functional
analysis, differential geometry, and differential operators that is used throughout the
text. This collection of material is included for the convenience of the reader but cannot
replace a thorough introduction to these topics. The reader should have some experience
with differential geometry. Despite the fact that normally hyperbolic operators on
Lorentzian manifolds look formally exactly like Laplace type operators on Riemannian
manifolds their analysis is completely different. The elliptic theory of Laplace type
operators is not needed anywhere in this text. All results on hyperbolic equations which
are relevant to the subject are developed in full detail. Therefore no prior knowledge
of the theory of partial differential equations is needed.

Acknowledgements. This book would not have been possible without the help of and
the inspired discussions with many colleagues. Special thanks go to Helga Baum, Klaus
Fredenhagen, Olaf Miiller, Miguel Sdnchez, Alexander Strohmaier, Rainer Verch, and
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We would also like to thank the Schwerpunktprogramm (1154) “Globale Differen-
tialgeometrie” funded by the Deutsche Forschungsgemeinschaft for financial support.

Finally we would like to thank Irene Zimmermann and Manfred Karbe from the
EMS Publishing House for the pleasant cooperation.
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1 Preliminaries

We want to study solutions to wave equations on Lorentzian manifolds. In this first
chapter we develop the basic concepts needed for this task. In the appendix the reader
will find the background material on differential geometry, functional analysis and other
fields of mathematics that will be used throughout this text without further comment.

A wave equation is given by a certain differential operator of second order called
a “normally hyperbolic operator”. In general, these operators act on sections in vector
bundles which is the geometric way of saying that we are dealing with systems of
equations and not just with scalar equations. It is important to allow that the sections
may have certain singularities. This is why we work with distributional sections rather
than with smooth or continuous sections only.

The concept of distributions on manifolds is explained in the first section. One nice
feature of distributions is the fact that one can apply differential operators to them and
again obtain a distribution without any further regularity assumption.

The simplest example of a normally hyperbolic operator on a Lorentzian manifold
is given by the d’ Alembert operator on Minkowski space. Its fundamental solution, a
concept to be explained later, can be described explicitly. This gives rise to a family
of distributions on Minkowski space, the Riesz distributions, which will provide the
building blocks for solutions in the general case later.

After explaining the relevant notions from Lorentzian geometry we will show how
to “transplant” Riesz distributions from the tangent space into the Lorentzian manifold.
We will also derive the most important properties of the Riesz distributions.

1.1 Distributions on manifolds

Let us start by giving some definitions and by fixing the terminology for distributions
on manifolds. We will confine ourselves to those facts that we will actually need
later on. A systematic and much more complete introduction may be found e.g. in
[Friedlander1998].

1.1.1 Preliminaries on distributions. Let M be a manifold equipped with a smooth
volume density dV. Later on we will use the volume density induced by a Lorentzian
metric but this is irrelevant for now. We consider a real or complex vector bundle
E — M. We will always write K = R or K = C depending on whether E is real
or complex. The space of compactly supported smooth sections in E will be denoted
by D(M, E). We equip E and T*M with connections, both denoted by V. They
induce connections on the tensor bundles 7*M ® --- ® T*M ® E, again denoted by
V. For a continuously differentiable section ¢ € C!(M, E) the covariant derivative
is a continuous sectionin T*M ® E, Vg € C°(M,T*M ® E). More generally, for
peCFH(M,E)wegetVkp e COM, T*M @ ---Q T*M ®F).

k factors




2 1. PRELIMINARIES

We choose a Riemannian metric on 7*M and a Riemannian or Hermitian metric
on E depending on whether E is real or complex. This induces metrics on all bundles
T*M @ ---® T*M ® E. Hence the norm of V¥ ¢ is defined at all points of M.

For a subset A C M and ¢ € CK(M, E) we define the C¥-norm by

l¢llckay := max sup [V/o(x)]. (1.1)
Jj=0,..k xeq
If A is compact, then different choices of metric and connection yield equivalent norms
|| - ¢k (4y- For this reason there will usually be no need to explicitly specify the metrics
and the connections.
The elements of D (M, E) are referred to as test sections in E. We define a notion
of convergence of test sections.

Definition 1.1.1. Let ¢, ¢, € D(M, E). We say that the sequence (¢y,), converges
to ¢ in D(M, E) if the following two conditions hold:

(1) There is a compact set K C M such that the supports of all ¢, are contained in
K,ie., supp(¢,) C K for all n.

(2) The sequence (¢, ), converges to ¢ in all C*-norms over K, i.e., foreach k € N
l = enllck ) —=2 0-

We fix a finite-dimensional K-vector space W. Recall that K = Ror K = C
depending on whether E is real or complex.

Definition 1.1.2. A K-linear map F: D (M, E*) — W is called a distribution in E
with values in W if it is continuous in the sense that for all convergent sequences
¢n — @ in D(M, E*) one has F|p,] = F|[p]. We write D'(M, E, W) for the space
of all W-valued distributions in E.

Note that since W is finite-dimensional all norms |- | on W yield the same topology
on W. Hence there is no need to specify a norm on W for Definition 1.1.2 to make
sense. Note moreover, that distributions in E act on test sections in E™*.

Lemma 1.1.3. Let F be a W-valued distribution in E and let K C M be compact.

Then there is a nonnegative integer k and a constant C > 0 such that for all ¢ €
D(M, E*) with supp(¢) C K we have

|Flell = C - llellckk) - (1.2)
The smallest k& for which inequality (1.2) holds is called the order of F over K.

Proof. Assume (1.2) does not hold for any pair of C and k. Then for every positive
integer k we can find a nontrivial section ¢ € D(M, E*) with supp(¢x) C K and
|Flekll = k- llokllcrx. We define sections ¥y := IF[IW(pk' Obviously, these ¥
satisfy supp(¥x) C K and

IVkllcr iy = mnwknck(m = %
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Hence for k > j

Willcs iy < IWiller k) < %-
Therefore the sequence (% ) convergesto0in D (M, E*). Since F is adistribution we
get F[yr] — F[0] = Ofork — oco. Onthe otherhand, | F[y]| = ||F[1WF["0’<” =1
for all k£, which yields a contradiction. a

Lemma 1.1.3 states that the restriction of any distribution to a (relatively) compact
set is of finite order. We say that a distribution F is of order m if m is the smallest
integer such that for each compact subset K C M there exists a constant C so that

|Flell = C-llellem i)

for all ¢ € D(M, E*) with supp(¢) C K. Such a distribution extends uniquely to a
continuous linear map on D™ (M, E*), the space of C™-sections in E* with compact
support. Convergence in D™ (M, E*) is defined similarly to that of test sections. We
say that ¢, converge to ¢ in D™ (M, E*) if the supports of the ¢, and ¢ are contained
in a common compact subset K C M and [|¢ — ¢n|cm k) — 0 asn — oo.

Next we give two important examples of distributions.

Example 1.1.4. Pick abundle £ — M and a point x € M. The delta-distribution &
is an E}-valued distribution in £. For ¢ € D(M, E*) it is defined by

Jx [(,0] = @(x).
Clearly, 8 is a distribution of order 0.

Example 1.1.5. Every locally integrable section f € Ll (M, E) can be interpreted

loc

as a K-valued distribution in E by setting for any ¢ € D(M, E*)

flo) = /M o(f)av.

As a distribution f is of order 0.

Lemma 1.1.6. Let M and N be differentiable manifolds equipped with smooth volume
densities. Let E — M and F — N be vector bundles. Let K C N be compact and
let p € CK(M x N, E R F*) be such that supp(¢) C M x K. Let m < k and let
T € D'(N, F,K) be a distribution of order m. Then the map

f:M—E,
x = Tlp(x, )],

defines a C*~™-section in E with support contained in the projection of supp(¢p) to the
first factor, i.e., supp(f) C {x € M | there exists y € K such that (x,y) € supp(¢)}.
In particular, if ¢ is smooth with compact support, and T is any distribution in F, then
f is a smooth section in E with compact support.
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Moreover, x-derivatives up to order k — m may be interchanged with T. More
precisely, if P is a linear differential operator of order < k — m acting on sections
in E, then

Pf =T[Pxp(x,-)].
Here E X F* denotes the vector bundle over M x N whose fiber over (x, y) €
M x N is given by Ex ® FY".

Proof. There is a canonical isomorphism

E.® DF(N,F*) - D¥(N, Ex ® F*),
Vs (y = vRs(y)).

Thus we can apply idg, ® T to ¢(x,-) € DX(N,E, ® F*) = E, ® D*(N, F*)
and we obtain (idg, ® T)[p(x,-)] € Ex. We briefly write T[¢(x,-)] instead of
(idg, ® T)lp(x, )]

To see that the section x — T[(x, )] in E is of regularity C¥~ we may assume
that M is an open ball in R” and that the vector bundle £ — M is trivialized over M,
E = M x K", because differentiability and continuity are local properties.

For fixed y € N the map x — ¢(x, y)isa C¥-map U — K" ® Fy". We perform
a Taylor expansion at xo € U, see [Friedlander1998, p. 38f]. For x € U we get

px.y)= Y &DIe(x0,y)(x —x0)*

la|<k—m—1
k —m ! k—m—1 na o
+ ) o | =0 TIDEG(( 1) + 1x, y)(x — x0)* di
lal=k-m 70
= Y LD%e(xo0, y)(x - xo)*
loe|<k—m
1
+ Yk [ a0 (DR x4 ix.y)
la|=k—m 0
— Dip(x0,y) ) dt - (x — x0)*.
Here we used the usual multi-index notation, o = (@1, . . ., &) € N?, || =0t +- - - +0tp,
DY = m, and x* = x{'...x,”. For |a| < k —m we certainly have

DE¢¢(-,-) € C™(UxN,K"®F*)and, in particular, D{¢(x9,-) € D(N, K"QF*).
We apply T to get

Tl = Y ATIDZp(xo.)(x — x0)°

|| <k—m

1
+ ) ";—{”T[fo(l—t)"""‘l (D§o((1—1)x0 +1x,-) (1.3)

la|=k—m

D% p(x0.-)) dr}(x o).
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Restricting the x to a compact convex neighborhood U’ C U of xo the D$¢o(-,-)
and all their y-derivatives up to order m are uniformly continuous on U "x K. Given
e > 0 there exists § > 0 so that |[Vy D%(%, y) — Vy D%p(xo, y)| < T Whenever
|X —x0| <6, =0,...,m. Thus for x with |[x — xo| <§

1
f (1= 0" (D%((1 - 1)xo + 1x.-) — D%(xo.-)) di
0

(M)

1
/ (1= )1 (D2((1 = 1)xo + 1x.) — D%(xo.-)) di
0

CM(K)

1
< /0 (1= 0F 1 D((1 — 1)xo + 1.-) — D%(x0. Ml emge d1

1
5/ (1 =),k e ds
0
&

T k—-m

Since T is of order m this implies in (1.3) that T[fo1 ...dt] - 0as x — xo.
Therefore the map x +— T[p(x,-)] is k — m times differentiable with derivatives
D¢lx=xo,Tle(x,-)] = T[D%¢(xo,-)]. The same argument also shows that these
derivatives are continuous in x. (|

1.1.2 Differential operators acting on distributions. Let E and F be two K-vector
bundles over the manifold M, K = R or K = C. Consider a linear differential
operator P: C®°(M, E) — C*®(M, F). Thereis aunique linear differential operator
P*: C®(M, F*) - C®(M, E*) called the formal adjoint of P such that for any
e D(M,E)andy € D(M, F*)

f V(Pg)dv = [ (P*y)(0)dV. (14)
M M

If P is of order k, then so is P* and (1.4) holds for all ¢ € Ck(M, E)and ¥ €
Ck(M, F*) such that supp(¢) N supp(y) is compact. With respect to the canonical
identification E = (E*)* we have (P*)* = P.

Any linear differential operator P : C®°(M, E) — C*°(M, F) extends canonically
to a linear operator P: D'(M, E,W) — D'(M, F, W) by

(PT)[g] := T[P"¢]

where ¢ € D(M, F*). If a sequence (¢,), converges in D(M, F*) to 0, then the
sequence (P *¢y), converges to 0 as well because P* is a differential operator. Hence
(PT)[en] = T[P*¢n] — 0. Therefore PT is again a distribution.

The map P: D' (M, E, W) — D' (M, F, W) is K-linear. If P is of order k and ¢
is a Ck-section in E, seen as a K-valued distribution in E, then the distribution Py
coincides with the continuous section obtained by applying P to ¢ classically.
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The case when P is of order 0, i.e., P € C%°(M,Hom(E, F)), is of special
importance. Then P* € C°(M,Hom(F*, E*)) is the pointwise adjoint. In particular,
for a function f € C°°(M) we have

(f Dl =T[f¢l.

1.1.3 Supports

Definition 1.1.7. The support of a distribution T € D'(M, E, W) is defined as the
set

supp(T’) := {x € M | for all neighborhoods U of x there exists
@ € D(M, E) with supp(¢) C U and T[] # 0}.

It follows from the definition that the support of 7 is a closed subset of M. In case
T isa L} -section this notion of support coincides with the usual one for sections.

If for ¢ € D(M, E*) the supports of ¢ and T are disjoint, then T [¢] = 0. Namely,
for each x € supp(¢) there is a neighborhood U of x such that T[¢] = 0 when-
ever supp(¥y) C U. Cover the compact set supp(¢) by finitely many such open
sets Uy, ..., Ux. Using a partition of unity one can write ¢ = V¥ + -+ + Y with
V; € D(M, E*) and supp(¥;) C U;. Hence

Tlpl = TW1 4+ Y] = T[Ya] +--- + T[] = 0.

Be aware that it is not sufficient to assume that ¢ vanishes on supp(7’) in order to
ensure T[¢] = 0. For example, if M = R and E is the trivial K-line bundle let
T € D'(R,K) be given by T[p] = ¢'(0). Then supp(T) = {0} but T[p] = ¢'(0)
may well be nonzero while ¢(0) = 0.

If7T € D' (M,E,W) and ¢ € C®(M, E*), then the evaluation T[¢] can be
defined if supp(7T") N supp(¢) is compact even if the support of ¢ itself is noncompact.
To do this pick a function 0 € D(M,R) that is constant 1 on a neighborhood of
supp(7) N supp(¢) and put

Tp] :=Tlog].

This definition is independent of the choice of ¢ since for another choice ¢’ we have
Tlogl = Tlo'g] = T[(0c —0")p] =0

because supp((c — o”)¢) and supp(7T') are disjoint.

Let T € D' (M,E,W) and let Q C M be an open subset. Each test section
@ € D(R, E*) can be extended by 0 and yields a test section ¢ € D(M, E*). This
defines an embedding D (2, E*) C D(M, E*). By the restriction of T to 2 we mean
its restriction from D (M, E*) to D(2, E™).

Definition 1.1.8. The singular support sing supp(T) of adistributionT € D' (M, E, W)
is the set of points which do not have a neighborhood restricted to which 7" coincides
with a smooth section.

The singular support is also closed and we always have sing supp(7’) C supp(7T).
Example 1.1.9. For the delta-distribution §,, we have supp(8x) = sing supp(8x) = {x}.
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1.1.4 Convergence of distributions. The space D’(M, E) of distributions in E will
always be given the weak ropology. This means that T, — T in O'(M, E, W) if
and only if T, [¢] — T[] for all ¢ € D(M, E*). Linear differential operators P are
always continuous with respect to the weak topology. Namely, if 7,, — T, then we
have for every ¢ € D(M, E*)

PTylp]l = Tu[P*¢] — T[P*¢] = PT|g].

Hence
PT, — PT.

Lemma 1.1.10. Let T,,, T € C®(M, E) and suppose || T, — T'||coagy — 0. Consider
T, and T as distributions.

Then T, — T in O'(M, E). In particular, for every linear differential operator P
we have PT,, — PT.

Proof. Let p € D(M, E). Since || T, — Tl|copy — Oand ¢ € LY (M, E), it follows
from Lebesgue’s dominated convergence theorem that

tim Tole] = fim [ 7,00 -9 4V (o)
n—o00 n—>oo Jm
_ / lim (T,,(x) - 9(x)) dV(x)
Mn—)OO
= [ lim )o@V

- /M T() - p(x) dV(x)
= T[yp]. O

1.1.5 Two auxiliary lemmas. The following situation will arise frequently. Let E,
F, and G be K-vector bundles over M equipped with metrics and with connections
which we all denote by V. We give £ ® F and F* ® G the induced metrics and
connections. Here and henceforth F'* will denote the dual bundle to F'. The natural
pairing F ® F* — K given by evaluation of the second factor on the first yields
a vector bundle homomorphism £ ® F ® F* ® G — E ® G which we write as

pRY gy
Lemma 1.1.11. For all C*-sections 9 in E® F and ¥ in F* @ G and all A C M
we have

lo-¥llcry = 2k lellcrcay - 1Yl ok ay-

Proof. The case k = 0 follows from the Cauchy—Schwarz inequality. Namely, for
fixed x € M we choose an orthonormal basis f;,i = 1,...,r, for Fx. Let f;* be

'If one identifies E ® F with Hom(E*, F) and F* ® G with Hom(F, G), then ¢ - ¥ corresponds
to Y o .
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the basis of F;* dual to f;. We write ¢(x) = > ;_, ¢; ® f; for suitable ¢; € E and

similarly ¥ (x) = Yj_, fi* ® gi, g € Gx. Then ¢(x) - ¥(x) = Y ./_, ¢; ® g; and
we see

r 2 r r
b0 PP =Y aes] = Y @) =Y (6eeg)
i=1 i,j=1 i,j=1
r r
< Z (ei,ej)*- Z (8i.8/)*
\ i.j=1 ij=1
r r
< 1D leilPleP | Y lgilPlgl?
\iJ=1 i,j=1

r r r r
2 lal D lei- | D lail D lsl?
j=1 j=1

i=1 i=1

r r
=Y leal-) lail

i=1 i=1
= o) - [y ().

Now we proceed by induction on k.

IV @ - W)llcoy < IV @ - W)l ek ay

=I(Ve) ¥ + ¢ - V¥l cka

= (Vo) - Ylickcay + llo - Vi licra

< 2 1Vllcriay - Wl + 25 - l@lcrca - 1YV llexca

< 2% llgllcrricay - 1¥llcrsray

+ 26 Nlpllcrsrgay - 1 llcrr ca

— ok+1, @l crray - 19 llch+icay

Thus

lo - Vllcr+1ay = max{llg - ¥l cx . IVET @ ¥)llcocay)

< max{2* - o)l cx - 1 Il ok (a9, 2577
— pk+1

Nellcr+rcay - 1V llcrt1cay}
Neollcrricay - ¥ lcr+rcay- u

This lemma allows us to estimate the C¥-norm of products of sections in terms of
the C¥-norms of the factors. The next lemma allows us to deal with compositions of
functions. We recursively define the following universal constants:

ak,0):=1, a(k,j):=0
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for j > k and for j < 0, and
alk + 1, ) := max{a(k, j), 28 -a(k, j — 1)} (1.5)

if 1 < j < k. The precise values of the a(k, j) are not important. The definition was
made in such a way that the following lemma holds.

Lemma 1.1.12. Let T be a real valued C*-function on a Lorentzian manifold M and
leto: R — R be a C*-function. Then forall A C M and I C R such that T'(A) C I
we have

. i J
llo o Lllckay = llollcx jg)’a}f,ka(k,J)llFllck(Ay

Proof. We again perform an induction on k. The case k = 0 is obvious. By
Lemma 1.1.11

[VE* (@ 0 D)licogay = IV¥(0" o T) - VIl cocay
< (0" o) VT|lck(a)
<2k 0’0 Cllckay - IVT e cay
<2%Jlo" o Tllckay - ITllert1a)
<20’ llcrry 'jznéfika(k’j)”F”ék“(A) Tl cr+1a)

k ; J+1
<2 follcrrigy - max ak DITIZ

_ ok . J
=2 lollcerigy - _max otk j = DITIchn gy
Hence

lo o Tllc+14y = max{[lo o Tllcrcay, IV (0 0 T [l oy}

< max{lolerey - max, atk. /)T,y

2% o - max ok,j—1 r|’
|| ”Ck-H(]) =1 1 ( J )” ”Ck'H(A)}

yeensy

<lollcrriay - _max  maxfock. )).2% (k. j = DI

gevey

— . i 7
= lollerriay - _max etk + 1)z a

.....

1.2 Riesz distributions on Minkowski space

The distributions R4 («) and R_ () to be defined below were introduced by M. Riesz
in the first half of the 20th century in order to find solutions to certain differential
equations. He collected his results in [Riesz1949]. We will derive all relevant facts in
full detail.
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Let V be an n-dimensional real vector space, let (-,-) be a nondegenerate sym-
metric bilinear form of index 1 on V. Hence (V, (-, -)) is isometric to n-dimensional
Minkowski space (R”, (-, -)o) where (x, y)o = —x1y1 + X2¥2 + - + X yn. Set

y:V >R, pX):=—(X,X). (1.6)

A nonzero vector X € V \ {0} is called timelike (or lightlike or spacelike) if and only
if y(X) > 0 (or y(X) = 0 or y(X) < O respectively). The zero vector X = 0 is
considered as spacelike. The set 7(0) of timelike vectors consists of two connected
components. We choose a time-orientation on V by picking one of these two connected
components. Denote this component by 74 (0) and call its elements future directed.
Put J4+(0) := 14(0), C4(0) := 91+(0), I-(0) := —14(0), J_(0) := —J4+(0), and
C_(0) := —=C4(0).

14+(0)

C+(0)

Figure 1. Light cone in Minkowski space.

Definition 1.2.1. For any complex number o with fe(o) > n let R+ («) and R_()
be the complex-valued continuous functions on V' defined by

Cla,n)y(X)Z", ifX € J+(0),

Ri(a)(X) =
+(@)(X) 0, otherwise,

2—n
zl—an >

where C(a,n) 1= [CEe=a]

and z > (z — 1)! is the Gamma function.

For a € C with fe(x) < n this definition no longer yields continuous functions
due to the singularities along C4 (0). This requires a more careful definition of R4 («)
as a distribution which we will give below. Even for fte(«) > n we will from now on
consider the continuous functions R 1 («) as distributions as explained in Example 1.1.5.
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Since the Gamma function has no zeros the map o — C(w,n) is holomorphic
on C. Hence for each fixed testfunction ¢ € D(V,C) the map o — R (x)[¢] yields
a holomorphic function on {fe(x) > n}.

There is a natural differential operator OJ acting on functions on V, O f :=

0e,0¢; f — 0ey0e, f — +++ — e, 0, f Where ey, ..., e, is any basis of V' such that
—(e1,e1) = (ez,e2) =+ = {ey,e,) = 1 and (¢;,¢;) = 0 fori # j. Such a basis
e1,...,ey is called Lorentzian orthonormal. The operator [ is called the d’Alembert

operator. The formula in Minkowski space with respect to the standard basis may look
more familiar to the reader,

a2 02 a2
0= - —————
(x> (9x?)? (9x")?

The definition of the d’ Alembertian on general Lorentzian manifolds can be found in
the next section. In the following lemma the application of differential operators such
as O to the Ry (o) is to be taken in the distributional sense.

Lemma 1.2.2. For all « € C with Re(a) > n we have
(1) y-Ri(v) =a(e—n+2)Ri(x + 2),
(2) (grady) - Ri(a) =2« grad Ri(a + 2),
(3) ORx(a +2) = Re(@).
(4) The map o — R () extends uniquely to C as a holomorphic family of distribu-

tions. In other words, for each oo € C there exists a unique distribution R+ ()
on V such that for each testfunction ¢ the map o — Ry (a)[¢] is holomorphic.

Proof. Identity (1) follows from

— 2 2—
Clan) 2070 (#F2 — DI (=5=")!
C(a+2,n) 20=a=2) (& — 1)1 (&)

=o(d—n+2).

To show (2) we choose a Lorentzian orthonormal basis ey, . .., e, of V and we denote
differentiation in direction e; by d;. We fix a testfunction ¢ and integrate by parts:

by - Re(@)lg] = Clern) /J o) 70T iy g dX
+

_ 2@ [ 0 E () dx
a+2—n J4(0)

—2aC(a +2,n) y(X) 20, 0(X) dX
J4(0)

= —20R+(a + 2)[0;¢]
2000; R+ (a + 2)[],
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which proves (2). Furthermore, it follows from (2) that
1
#Rata+ D) = (307 Re(@)

-1 (8,~2y “Ri(a) + 0;y - (;31'1/ “Ri(a —2)))

20 2(a —2)
_ Lo i 2(0‘_2)(0[_’1).
= ﬁaiy-Ri(a)—l- 4a(a—2)(aly) Ri(@)
(1, a—n (0;y)>
—(ﬂaf” - ~T)-Ri(a),

so that
DRi(a+2)=(ﬁ+a_n-4—y)Ri(a)
o 4o y

= Ri(x).

To show (4) we first note that for fixed ¢ € D(V, C) the map {Re(x) > n} — C,
o — R4 (a)[g], is holomorphic. For fte(x) > n — 2 we set

Ri() :=OR+(x +2). a1.7)

This defines a distribution on V. The map o +> R.(a) is then holomorphic on
{Re(a) > n—2}. By (3)wehave Ry () = R () for Re(er) > n,sothata — R (a)
extends & — R («) holomorphically to {Ste(«) > n — 2}. We proceed inductively
and construct a holomorphic extension of & — R () on {Re(x) > n — 2k} (where
k € N\ {0}) from that on {fe(x) > n — 2k + 2} just as above. Note that these
extensions necessarily coincide on their common domain since they are holomorphic
and they coincide on an open subset of C. We therefore obtain a holomorphic extension
of @ = R () to the whole of C, which is necessarily unique. |

Lemma 1.2.2 (4) defines R4 () for all @ € C, not as functions but as distributions.

Definition 1.2.3. We call R, («) the advanced Riesz distribution and R_(«) the re-
tarded Riesz distribution on V for a € C.

The following illustration shows the graphs of Riesz distributions R («) forn = 2
and various values of «. In particular, one sees the singularities along C4(0) for
Re(a) < 2.
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a=2 a=3

=4 a=5

Figure 2. Graphs of Riesz distributions R («) in two dimensions.
We now collect the important facts on Riesz distributions.
Proposition 1.2.4. The following holds for all @ € C:
1) y - Ri(e) =a(e—n+2) Ry(x +2).
(2) (grady)Ri(e) = 2 grad (R4 (¢ + 2)).
(3) OR+(x +2) = Ry(a).
(4) Foreverya € C\ ({0,—-2,—4,...} U{n—2,n—4,...}), we have

supp (R+(«)) = J+(0) and singsupp (R+(x)) C C+(0).
(5) Foreverya € {0,—2,—4,...} U{n —2,n—4,...}, we have supp (R (x)) =
sing supp (R+(a)) C C£(0).
(6) Forn >3anda =n—2,n—4,...,1o0r2respectively, we have supp (R (x)) =
sing supp (R+(a)) = C+(0).
(1) R+(0) = do.
(8) For Re(a) > 0 the order of Ry () is bounded from above by n + 1.
) Ifa € R, then Ry () is real, i.e., Ry (a)[¢] € R forall 9 € D(V,R).
Proof. Assertions (1), (2), and (3) hold for Jte(«) > n by Lemma 1.2.2. Since, after
insertion of a fixed ¢ € D(V, C), all expressions in these equations are holomorphic
in ¢ they hold for all «.
4). Let ¢ € D(V, C) with supp(¢) N J+(0) = @. Since supp(R+(x)) C J+(0)
for Jte(a) > n, it follows for those « that

Ry(a)[p] =0,
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and then for all @ by Lemma 1.2.2 (4). Therefore supp(R+(r)) C J+(0) forall .
Ontheotherhand, if X € I.+(0), theny(X) > Oandthemapa — C(a,n)y(X)“2"
is well defined and holomorphic on all of C. By Lemma 1.2.2 (4) we have for

¢ € D(V,C) with supp(p) C 1+(0)

Re@lel = [ Clamy(n ™ o(x) dx
supp(¢)

for every « € C. Thus Ri(«) coincides on 74 (0) with the smooth function
C ((x,n)y(-)% and therefore sing supp(R+(«)) C C+(0). Since furthermore the
function « +— C(a, n) vanishes only on {0, —2,—4,...}U{n —2,n—4,...} (caused
by the poles of the Gamma function), we have /4(0) C supp(Ri(a)) for every
aeC\({0,-2,—4,...} U{n—2,n—4,...}). Thus supp(R+(«)) = J+(0). This
proves (4).

(5). Fora € {0, -2,—4,...}U{n—2,n—4, ...} wehave C(«, n) = 0and therefore
11(0) N supp(R+()) = B. Hence sing supp(R+(«)) C supp(R+(x)) C CL(0). It
remains to show supp(R4(«)) C singsupp(R+(x)). Let X ¢ singsupp(R4()).
Then R4 () coincides with a smooth function f on a neighborhood of X. Since
supp(R+(«)) C C+(0) and since C+(0) has a dense complement in V', we have
f =0. Thus X ¢ supp(R+()). This proves (5).

Before we proceed to the next point we derive a more explicit formula for the
Riesz distributions evaluated on testfunctions of a particular form. Introduce linear
coordinates x', ..., x" on V such that y(x) = —(x')? + (x?)? +--- + (x")? and such
that the x!-axis is future directed. Let f € D(R,C) and ¥ € D(R" !, C) and put
o(x) = f(x")y¥(X) where £ = (x2,...,x"). Choose the function ¥ such that on
J+(0) we have p(x) = f(x!).

v =1 R*1

Figure 3. Support of ¢.

Claim: If Re(a) > 1, then

Re(@lo] = /0 o f () dr,

(x—1)!
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Proof of the claim. Since both sides of the equation are holomorphic in & for fe(x) > 1
it suffices to show it for Jte(«) > n. In that case we have by the definition of R4 («)

R (@)g] = Ca.n) /J L AR T X
+
= Clen) [ooo /{Iﬁl<x1}(p(ﬂ’fc)((xl)2 |X|2)a2"dx dx!
_ * 1 N2 (22 % R 1
= C(ot,n)/(; f(x )/{mql}((x )2 —|%%) 2 dx dx

= C(a,n)/:o f(xl)/ox [Snz((xl)z—z2)“z"z"—2dw dt dx',

where S”72 is the (n — 2)-dimensional round sphere and dw its standard volume
element. Renaming x! we get

Ry (@[] = vol(S"2) C(a.m) /0 £0) /0 (21

101 (DI

Using [y (r> — =21 oy, we obtain
Vol(S” 2) (SO 223!

R (@)lg] = @ [ ot —@n,
1 27.[(;1—1)/2 21—017.[1—;1/2 (%)!(¥)|

= — . . . oo a—1
T2 @2 DIEE)! T (! [, seretar

ﬁ.zl—a (] .
~ @2 DG |, rorear

Legendre’s duplication formula (see [Jeffrey1995, p. 218])

(%—1)!(“;1 —1)!:21—“ﬁ(a—1)z (1.8)

yields the claim.
To show (6) recall first from (5) that we know already

sing supp(R+(«r)) = supp(R+()) C C+(0)

forao. =n—2,n—4,...,2 or 1 respectively. Note also that the distribution Ry (o)
is invariant under time-orientation preserving Lorentz transformations, that is, for any
such transformation A of V' we have

Ryi(a)[p o Al = Ri(a)[p]
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for every testfunction ¢. Hence supp(Ri(«)) as well as sing supp(Ri(x)) are also
invariant under the group of those transformations. Under the action of this group the
orbit decomposition of C4(0) is given by

C+(0) = {0} U (C£(0) \ {0}).
Thus supp(R 4+ (o)) = sing supp(R+ («)) coincides either with {0} or with C1(0).

The claim shows for the testfunctions ¢ considered there

Ryl = /0 rf () dr.

Hence the support of R (2) cannot be contained in {0}. If n is even, we conclude
supp(R+(2)) = C+(0) and then also supp(R4(«)) = C+(0) fora =2,4,...,n—2.
Taking the limit o \ 1 in the claim yields

Re(Dg] = /O £(r)dr.

Now the same argument shows for odd » that supp(R(1)) = C+(0) and then also
supp(R4+(a)) = C4(0) fora = 1,3,...,n — 2. This concludes the proof of (6).

Proof of (7). Fix a compact subset K C V. Let ox € D(V,R) be a function such
that 0, = 1. For any ¢ € O(V, C) with supp(¢) C K write

n
e(x) = 9(0) + Y x/¢;(x)
j=1
with suitable smooth functions ¢;. Then
R+(0)[¢] = R+(0)[ok¢]

= R+ (0)[p(0)ox + Y _ x/ ok )]
j=1

= ¢(0) R (Oox] + 3 (+/ R (0))[ok 9]
Jj=1

=icg

=0by (2)
= cx(0).

The constant cx actually does not depend on K since for K/ D K and supp(¢) C K,
cx'9(0) = R (0)[g] = cx9(0),

so that cxk = cg =: ¢. It remains to show ¢ = 1.



1.3. LORENTZIAN GEOMETRY 17

We again look at testfunctions ¢ as in the claim and compute using (3)

c-9(0) = R+ (0)[¢]
= R+ (2)[O¢]

= /:Orf"(r)dr

=—/Ooof/(r)dr

= f(0)
= ¢(0).

This concludes the proof of (7).

Proof of (8). By its definition, the distribution R4 () is a continuous function if
NRe(a) > n, therefore it is of order 0. Since [ is a differential operator of order 2, the
order of DR () is at most that of Ry () plus 2. It then follows from (3) that:

eIfniseven: forevery o with Jte(a) > 0 we have Re(a)+n = Re(a)+2-5 > n,
so that the order of Ry («) is not greater than n (and so n + 1).

o If n is odd: for every @ with Re(aw) > 0 we have Re(a) +n + 1 = Re(a) +
2. ”T‘H > n, so that the order of R4 («) is not greater than n + 1.

This concludes the proof of (8).

Assertion (9) is clear by definition whenever @ > n. For general @ € R choose

k € N so large that o 4+ 2k > n. Using (3) we get for any ¢ € D(V,R)
Ri(a)lp] = OFRe(e + 2k)[p] = Ra(e + 2k)[0%¢] € R
because 0%p € D(V,R) as well. O

In the following we will need a slight generalization of Lemma 1.2.2 (4):

Corollary 1.2.5. For ¢ € D*(V,C) the map a — R (x)[¢] defines a holomorphic
function on {oc e C | Re(a) >n— 2[%]}

Proof. Let ¢ € DF(V,C). By the definition of R+(«) the map o +— R ()[¢]
is clearly holomorphic on {#te(e) > n}. Using (3) of Proposition 1.2.4 we get the
k

holomorphic extension to the set {ERe(oz) >n— 2[5]}. O

1.3 Lorentzian geometry

We now summarize basic concepts of Lorentzian geometry. We will assume fa-
miliarity with semi-Riemannian manifolds, geodesics, the Riemannian exponential
map etc. A summary of basic notions in differential geometry can be found in Ap-
pendix A.3. A thorough introduction to Lorentzian geometry can e.g. be found in
[Beem—Ehrlich—-Easley1996] or in [O’Neill1983]. Further results of more technical
nature which could distract the reader at a first reading but which will be needed later
are collected in Appendix A.S.
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Let M be a time-oriented Lorentzian manifold. A piecewise C'-curve in M is
called timelike, lightlike, causal, spacelike, future directed, or past directed if its tan-
gent vectors are timelike, lightlike, causal, spacelike, future directed, or past directed
respectively. A piecewise C!-curve in M is called inextendible, if no piecewise C!-
reparametrization of the curve can be continuously extended to any of the end points
of the parameter interval.

The chronological future 1 ﬂ’f (x) of a point x € M is the set of points that can
be reached from x by future directed timelike curves. Similarly, the causal future
J i"l (x) of a point x € M consists of those points that can be reached from x by
causal curves and of x itself. In the following, the notation x < y (or x < y) will
mean y € [ i” (x)(ory e J fy (x) respectively). The chronological future of a subset
A C M is defined to be Ify (A4) := Uyeu Ii” (x). Similarly, the causal future of
Ais J_{YI (A) := Uyeq J_ﬁ’l (x). The chronological past I™ (A) and the causal past
JM (A) are defined by replacing future directed curves by past directed curves. One
has in general that / f (A) is the interior of J f (A) and that J f (A) is contained in the
closure of [ il (A). The chronological future and past are open subsets but the causal
future and past are not always closed even if A is closed (see also Section A.5 in the
appendix).

I
/ +1 \
1M (4)

g IM(4)

J_MT (A) /

Figure 4. Causal and chronological future and past of subset A of Minkowski space with one
point removed.

We will also use the notation JM (4) := JM (4) U Jj{u (A). Asubset A C M is
called past compact if AN JM (p) is compact for all p € M. Similarly, one defines
future compact subsets.
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JM(p)

Figure 5. The subset A is past compact.

Definition 1.3.1. A subset 2 C M in a time-oriented Lorentzian manifold is called
causally compatible if for all points x € Q

JEx) =M nQ
holds.

Note that the inclusion “C” always holds. The condition of being causally com-
patible means that whenever two points in €2 can be joined by a causal curve in M this
can also be done inside €2.

Figure 6. Causally compatible subset of Minkowski space.

Figure 7. Domain which is not causally compatible in Minkowski space.
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If @ C M is a causally compatible domain in a time-oriented Lorentzian manifold,
then we immediately see that for each subset A C €2 we have

Iy =M ne.

Note also that being causally compatible is transitive: If @ C Q' C Q”,if Q is causally
compatible in ', and if Q’ is causally compatible in 2", then so is € in Q”.

Definition 1.3.2. A domain Q C M in a Lorentzian manifold is called

* geodesically starshaped with respect to a fixed point x €  if there exists an
open subset Q' C Ty M, starshaped with respect to 0, such that the Riemannian
exponential map exp, maps Q' diffeomorphically onto Q;

* geodesically convex (or simply convex) if it is geodesically starshaped with
respect to all of its points.

T M

Figure 8. 2 is geodesically starshaped with respect to x.

If  is geodesically starshaped with respect to x, then exp, (I+(0) N Q') =1 iz (x)
and exp, (J+(0) N Q') = J£(x). We put C$(x) := exp, (C+(0) N Q).
On a geodesically starshaped domain €2 we define the smooth positive function
Ux: Q2 — Rby
dV = gy - (exp;)* (dz). (1.9)

where dV is the Lorentzian volume density and dz is the standard volume density on
TyS2. In other words, iy = det(d exp,) o exp;!. In normal coordinates about x,

Hx = /| det(gij)]-

For each open covering of a Lorentzian manifold there exists a refinement consisting
of convex open subsets, see [O’Neill1983, Chap. 5, Lemma 10].

Definition 1.3.3. A domain Q is called causal if € is contained in a convex domain
Q' and if for any p, g € 2 the intersection Jf/( )N J¥ (¢) is compact and contained
in Q.
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Q/

convex, but not causal causal

Figure 9. Convexity versus causality.

Definition 1.3.4. A subset .S of a connected time-oriented Lorentzian manifold is called
achronal (or acausal) if and only if each timelike (respectively causal) curve meets S
at most once.

A subset S of a connected time-oriented Lorentzian manifold is a Cauchy hyper-
surface if each inextendible timelike curve in M meets S at exactly one point.

Figure 10. Cauchy hypersurface S met by a timelike curve.

Obviously every acausal subset is achronal, but the reverse is wrong. However,
every achronal spacelike hypersurface is acausal (see Lemma 42 from Chap. 14 in
[O’Neill1983]).
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Any Cauchy hypersurface is achronal. Moreover, it is a closed topological hy-
persurface and it is hit by each inextendible causal curve in at least one point. Any
two Cauchy hypersurfaces in M are homeomorphic. Furthermore, the causal future
and past of a Cauchy hypersurface is past- and future-compact respectively. This is a
consequence of e.g. [O’Neill1983, Ch. 14, Lemma 40].

Definition 1.3.5. The Cauchy development of asubset S of a time-oriented Lorentzian
manifold M is the set D(S) of points of M through which every inextendible causal
curve in M meets S.

Cauchy develop-
ment of S

Figure 11. Cauchy development.

Remark 1.3.6. It follows from the definition that D(D(S)) = D(S) for every subset
S C M. Henceif T C D(S),then D(T) C D(D(S)) = D(S).
Of course, if S is achronal, then every inextendible causal curve in M meets S at

most once. The Cauchy development D(S) of every acausal hypersurface S is open,
see [O’Neill1983, Chap. 14, Lemma 43].

Definition 1.3.7. A Lorentzian manifold is said to satisfy the causality condition if it
does not contain any closed causal curve.

A Lorentzian manifold is said to satisfy the strong causality condition if there are
no almost closed causal curves. More precisely, for each point p € M and for each
open neighborhood U of p there exists an open neighborhood V' C U of p such that
each causal curve in M starting and ending in V' is entirely contained in U .

forbidden!

Figure 12. Strong causality condition.
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Obviously, the strong causality condition implies the causality condition. Convex
open subsets of a Lorentzian manifold satisfy the strong causality condition.

Definition 1.3.8. A connected time-oriented Lorentzian manifold is called globally
hyperbolic if it satisfies the strong causality condition and if for all p,q € M the
intersection J fj (p) N JM(q) is compact.

Remark 1.3.9. If M is a globally hyperbolic Lorentzian manifold, then a nonempty
open subset 2 C M is itself globally hyperbolic if and only if for any p,q € 2 the
intersection J f (p) N J%(g) C Q is compact. Indeed non-existence of almost closed
causal curves in M directly implies non-existence of such curves in €2.

We now state a very useful characterization of globally hyperbolic manifolds.

Theorem 1.3.10. Let M be a connected time-oriented Lorentzian manifold. Then the
following are equivalent:

(1) M is globally hyperbolic.
(2) There exists a Cauchy hypersurface in M.

(3) M is isometric to R x S with metric —Bdt?> + g, where B is a smooth positive
function, gy is a Riemannian metric on S depending smoothly ont € R and each
{t} x S is a smooth spacelike Cauchy hypersurface in M.

Proof. Using work of Geroch [Geroch1970, Thm. 11], it has been shown by Bernal
and Séanchez in [Bernal-Sanchez2005, Thm. 1.1] that (1) implies (3). See also
[Ellis—Hawking1973, Prop. 6.6.8] and [Wald1984, p. 209] for earlier mentionings of
this fact. That (3) implies (2) is trivial and that (2) implies (1) is well-known, see e.g.
[O’Neill1983, Cor. 39, p. 422]. O

Examples 1.3.11. Minkowski space is globally hyperbolic. Every spacelike hyper-
plane is a Cauchy hypersurface. One can write Minkowski space as R x R”~! with
the metric — dt? + g: where g; is the Euclidean metric on R”~! and does not depend
ont.

Let (S, go) be a connected Riemannian manifold and / C R an interval. The
manifold M = I x S with the metric g = —d 12 + go is globally hyperbolic if and
only if (S, go) is complete. This applies in particular if .S is compact.

More generally, if f: I — R is a smooth positive function we may equip M =
I x S with the metric g = —dt*> + f(t)? - go. Again, (M, g) is globally hyperbolic
if and only if (S, go) is complete, see Lemma A.5.14. Robertson—Walker spacetimes
and, in particular, Friedmann cosmological models, are of this type. They are used
to discuss big bang, expansion of the universe, and cosmological redshift, compare
[Wald1984, Ch. 5 and 6] or [O’Neill1983, Ch. 12]. Another example of this type is
deSitter spacetime, where [ = R, S = § n—1 go is the canonical metric of S n—=1 of
constant sectional curvature 1, and f(t) = cosh(t). Anti-deSitter spacetime which we
will discuss in more detail in Section 3.5 is not globally hyperbolic.

The interior and exterior Schwarzschild spacetimes are globally hyperbolic. They
model the universe in the neighborhood of a massive static rotationally symmetric body
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such as a black hole. They are used to investigate perihelion advance of Mercury, the
bending of light near the sun and other astronomical phenomena, see [Wald1984, Ch. 6]
and [O’Neill1983, Ch. 13].

Corollary 1.3.12. On every globally hyperbolic Lorentzian manifold M there exists
a smooth function h: M — R whose gradient is past directed timelike at every point
and all of whose level-sets are spacelike Cauchy hypersurfaces.

Proof. Define h to be the composition ¢t o ® where ®: M — R x S is the isometry
given in Theorem 1.3.10 and ¢ : R xS — R is the projection onto the first factor. [

Such a function % on a globally hyperbolic Lorentzian manifold will be referred to
as a Cauchy time-function. Note that a Cauchy time-function is strictly monotonically
increasing along any future directed causal curve.

We quote an enhanced form of Theorem 1.3.10, due to A. Bernal and M. Sanchez
(see [Bernal-Sanchez2006, Theorem 1.2]), which will be needed in Chapter 3.

Theorem 1.3.13. Let M be a globally hyperbolic manifold and S be a spacelike smooth
Cauchy hypersurface in M. Then there exists a Cauchy time-functionh: M — R such
that S = h=1({0}). O

Any given smooth spacelike Cauchy hypersurface in a (necessarily globally hy-
perbolic) Lorentzian manifold is therefore the leaf of a foliation by smooth spacelike
Cauchy hypersurfaces.

Recall that the length L|[c] of apiecewise C'-curve c: [a, b] — M onaLorentzian
manifold (M, g) is defined by

b
L] = [ V@@ eldr.

Definition 1.3.14. The time-separation on a Lorentzian manifold (M, g) is the function
7: M x M — R U {00} defined by

sup{L[c] | ¢ future directed causal curve from p to g, if p <gq

(p.q) = {

0, otherwise,

forall p,qin M.
The properties of t which will be needed later are the following:

Proposition 1.3.15. Let M be a time-oriented Lorentzian manifold. Let p, q, and
r € M. Then
(1) ©(p.q) > 0ifand only if g € 1Y (p).
(2) The function t is lower semi-continuous on M x M. If M is convex or globally
hyperbolic, then T is finite and continuous.



1.3. LORENTZIAN GEOMETRY 25

(3) The function t satisfies the inverse triangle inequality: If p < q <, then

t(p,r) > t(p,q) +1(q,r). (1.10)

See e.g. Lemmas 16, 17, and 21 from Chapter 14 in [O’Neill1983] for a proof. [

Now let M be a Lorentzian manifold. For a differentiable function f: M — R,
the gradient of f is the vector field

grad f := (df)*. (1.11)

Here @ + o' denotes the canonical isomorphism T*M — TM induced by the
Lorentzian metric, i.e., for w € T} M the vector L= Tx M is characterized by the
fact that w(X) = (w¥, X) for all X € TxM. The inverse isomorphism TM —
T*M is denoted by X — X". One easily checks that for differentiable functions
fig: M —>R

grad(fg) = ggrad f + fgradg. (1.12)

Locally, the gradient of f can be written as

grad [ = Zej df(ej)e;

j=1

where ey, ..., e, is a local Lorentz orthonormal frame of TM, ¢; = (e;,e;) = £1.
For a differentiable vector field X on M the divergence is the function

n
divX :=tr(VX) = > &;{ej. Ve, X).
=1

If X is a differentiable vector field and f a differentiable function on M, then one
immediately sees that

div(fX) = fdivX + (grad f, X). (1.13)

There is another way to characterize the divergence. Let dV be the volume form
induced by the Lorentzian metric. Inserting the vector field X yields an (n — 1)-form
dV(X,-,...,-). Hence d(dV(X,-,...,-)) is an n-form and can therefore be written
as a function times dV, namely

d(dV(X,-,...,-) =divX - dV. (1.14)

This shows that the divergence operator depends only mildly on the Lorentzian metric.
If two Lorentzian (or more generally, semi-Riemannian) metrics have the same volume
form, then they also have the same divergence operator. This is certainly not true for
the gradient.

The divergence is important because of Gauss’ divergence theorem:
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Theorem 1.3.16. Let M be a Lorentzian manifold and let D C M be a domain with
piecewise smooth boundary. We assume that the induced metric on the smooth part
of the boundary is non-degenerate, i.e., it is either Riemannian or Lorentzian on each
connected component. Let 1 denote the exterior normal field along 0D, normalized
to (n,n) =: ey = £1.

Then for every smooth vector field X on M such that supp(X) N D is compact we
have

/ div(X) dV:/ en{X,n) dA O
D aD
where dA is the induced volume element on 0D.

Let ey, ..., e, be a Lorentz orthonormal basis of 7xM. Then EL .. ) -
exp,(2_; §/¢;) is a local diffeomorphism of a neighborhood of 0 in R" onto a neigh-

borhood of x in M. This defines coordinates £!,...,£" on any open neighborhood
of x which is geodesically starshaped with respect to x. Such coordinates are called
normal coordinates about the point x.

We express the vector X in normal coordinates about x and write X = ) j n’ 9

(.’s—j.
From (1.14) we conclude, using dV = - d€' A--- AdE"
div(u ;' X) - dV = d(dV(u'X,-,...,")
=d( Y1yt ! Ao ndE RN
J

=Z(—1)j_1dnj AdE! /\"'/\C?é\j Ao AdE"

_Zan dé-l e AdE

Thus )
a J
1 div(uI1X) = Z ar (1.15)

For a C2-function f the Hessian at x is the symmetric bilinear form
Hess(f)|x: TxM x TxyM — R, Hess(f)|x(X,Y):= (Vxgrad f,Y).
The d’Alembert operator is defined by
Of := —tr(Hess(f)) = —div grad f.
If f: M — Rand F: R — R are C? a straightforward computation yields
O(F o f) = —(F"o f){df.df ) + (F'o f)O. (1.16)
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Lemma 1.3.17. Let Q be a domain in M, geodesically starshaped with respect to
x € Q. Then the function [Ly defined in (1.9) satisfies

1. 1
px(x) =1, dux|x =0, Hess(uy)|x = —7 ricx. Opx)(x) = —scal(X)
where ricy denotes the Ricci curvature considered as a bilinear form on T2 and scal
is the scalar curvature.

Proof. Let X € T2 be fixed. Letey,..., e, be a Lorentz orthonormal basis of Ty 2.
Denote by Ji, ..., J, the Jacobi fields along c(t) = exp, (tX) satisfying J;(0) = 0

and VJ’ (0) = ¢ forevery 1 < j < n. The differential of exp, at X is, for every ¢
for Wthh it is defined, given by

1
dix expy(e)) = ~J; (1),
j =1,...,n. From the definition of u, we have

Mx (expx(tX))el NeeeNey = det(th epr)el A+ Aey
= (dix expy(e1)) A+ A (dix expy(en))

1 1
= ;Jl(t) JARREIAN ;Jn(l)

Jacobi fields J along the geodesic c(f) = exp, (tX) satisty the Jacobi field equation
y t2 27 (z) = —R(J(1),¢(t))¢(2), where R denotes the curvature tensor of the Levi-Civita
connection V. Differentiating this once more ylelds J ) = _W(J (), ¢@))c(t)—
R(dtJ(t),c(t))c(t). For / = J;andt = 0 we have J;(0) =0, VJ] 0) = ey,
VIL0) = —R(0,é(0))é(0) = 0, and 24(0) = —R(e;, X)X where X = ¢(0).

di?
Identifying J; (¢) with its parallel translate to T, 2 along c the Taylor expansion of J;

up to order 3 reads as

[3
Ji(t) =tej — gR(ej,X)X +0(H).

This implies

1 1
;Jl(t)/\---/\;J,,(t) =ejA---Aey

2 &
-< et A~ AR(ej, X)X A+ Aey +O(t?)
j=1
=ej A" Aey
2 n
——Zej R(ej, X)X, ej)e; A-+-Aey +O(t3)

[2
- (1 — = rie(X. X) + 0(z3))e1 A Aen
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Thus 5
t
pa(expy (1X)) = 1 — = ric(X, X) + O(%)

and therefore
1
Ux(x) =1, dpux(X) =0, Hess(ux)(X,X)= —3 ric(X, X).

Taking a trace yields the result for the d’ Alembertian. O
Lemma 1.3.17 and (1.16) with f = uy and F(¢) = t~'/2 yield:

Corollary 1.3.18. Under the assumptions of Lemma 1.3.17 one has
1
(D/L;l/z)(x) = —gscal(x). |

Let 2 be a domain in a Lorentzian manifold M, geodesically starshaped with
respect to x € 2. Set
[y:=yoexp; : Q— R (1.17)

where y is defined as in (1.6) with V' = T, Q.

Lemma 1.3.19. Let M be atime-oriented Lorentzian manifold. Let the domain Q2 C M
be geodesically starshaped with respect to x € 2. Then the following holds on 2.

(1) (grad Ty, grad T'y) = —4T,.

2) Onl f (x) (oron I (x)) the gradient grad Ty is a past directed (or future directed
respectively) timelike vector field.

(3) OTx —2n = —(grad Iy, grad (log(stx)))-

Proof. (1) Let y € Q and Z € T,2. The differential of y at a point p is given by
dpy = —2(p.-). Hence

dyTx(Z) = dyyy1(,y7 © dy expy (Z)
= —2(exp; ' (). dy exp; ' (Z)).

Applying the Gauss Lemma [O’Neill1983, p. 127], we obtain

dyTx(Z) = =2(dy-1(y) XDy (expy ' (1)), Z).
Thus
grad, I'y = —2dexp;l(y) exp, (expy ' (). (1.18)
It follows again from the Gauss Lemma that
(grad, I'x, grad, I'x) = 4(d,,—1(,) €xpy (exp; ' (), doyp=1 (y) CXPx (exp; ' (1))

= 4{expy ' (v), expy ' (1))
= —4T'y (v).
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(2) On If (x) the function I'y is positive, hence (grad I'y, grad ') = —4T", < 0.
Thus grad I'y is timelike. For a future directed timelike tangent vector Z € T2 the
curve c(t) := exp, (¢ Z) is future directed timelike and I'y increases along ¢. Hence
0=< %(Fx oc) = (grad 'y, ¢). Thus grad I'y is past directed along c. Since every
pointin / f (x) can be written in the form exp, (Z) for a future directed timelike tangent
vector Z this proves the assertion for / f (xx). The argument for 7 (x) is analogous.

(3) Using (1.13) with f = u; ! and X = grad T, we get

diV(/L;1 grad Ty) = p ! divgrad Ty + (grad(u; '), grad Ty)
and therefore
0Ty = (grad(log(uy ")), grad Ty) — sy div(py " grad Ty)
= —(grad(log(ix)). grad T'x) — pu div(u;" grad Ty).

It remains to show px div (;L;l grad I'y) = —2n. We check this in normal coordinates
g',....§" about x. By (1.18) we have grad [y = -2 )", g2 57 S0 that (1.15) implies

L g/
fx div(py' grad Ty) = Z ag - = m

Remark 1.3.20. If Q2 is convex and t is the time-separation function of €2, then one

can check that
vI(p.q). ifp<gq

0, otherwise.

t(p,q) =

1.4 Riesz distributions on a domain

Riesz distributions have been defined on all spaces isometric to Minkowski space. They
are therefore defined on the tangent spaces at all points of a Lorentzian manifold. We
now show how to construct Riesz distributions defined in small open subsets of the
Lorentzian manifold itself. The passage from the tangent space to the manifold will be
provided by the Riemannian exponential map.

Let ©2 be a domain in a time-oriented n-dimensional Lorentzian manifold, n > 2.
Suppose €2 is geodesically starshaped with respect to some point x € 2. In par-
ticular, the Riemannian exponential function exp, is a diffeomorphism from Q' :=
exp 1(Q) C Tx R to Q. Let py:  — R be defined as in (1.9). Put

R (e, x) := px expt Ri(a),

that is, for every testfunction ¢ € D(R2, C),

R (e, x)[¢] := R (@)[(1tx9) 0 exp,].
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Note that supp((itx®) o exp, ) is contained in 2. Extending the function (i) oexp,
by zero we can regard it as a testfunction on 7, €2 and thus apply Ry () to it.

Definition 1.4.1. We call Rﬁ(a, x) the advanced Riesz distribution and RS («, x) the
retarded Riesz distribution on 2 at x for o € C.

The relevant properties of the Riesz distributions are collected in the following
proposition.
Proposition 1.4.2. The following holds for all @ € C and all x € Q:

(1) If Re(xr) > n, then RS % (a0, x) is the continuous function

st Q
Ri(a, X) = C(a,n) Ty on Ji(x),
0 elsewhere.

(2) For every fixed testfunction ¢ the map o +— Ri (o, x)[¢] is holomorphic on C.
(3) Ty - R¥(ar,x) = (@ —n + 2) RS (e + 2, x).

(4) grad (Ty) - RY Yo, x) =2 gradR (a +2,x).

(5) Ifa # 0, then ORS (o + 2,x) = (F5222 + 1) R (e, x).

(6) RS (0, x) = 6.

(7) Foreverya € C\ ({0,—2,—4,...}U{n—2,n—4,...}) we have

supp (Ri(a,x)) = Jf(x) and  sing supp (R (a,x)) C Ci (x).
(8) Foreverya € {0,—2,—4,...}U{n—2,n—4,...} we have
supp (Rﬁ(a, x)) = sing supp (Ri(a, x)) C Ciz (x).
9) Forn >3 anda =n—2,n—4,...,1 o0r2 respectively we have
supp (Rg(a, x)) = sing supp (Rg((x,x)) = Cf (x).

(10) For Re(a) > 0 we have ord(Rﬁ(oz,x)) < n + 1. Moreover, there exists a
neighborhood U of x and a constant C > 0 such that

|RE (e, )]l < C - llgllcnt1 (g

forallp € D(Q,C)andall x' € U.

(11) IfU C Q is an open neighborhood of x such that Q2 is geodesically starshaped
with respect to all x’ € U and if V € D(U x 2, C), then the function U — C,
x> RE(a, x")[y = V(x', )], is smooth.

(12) If U C Q is an open neighborhood of x such that Q2 is geodesically starshaped
with respect to all X’ € U, ifERe(oz) >0, and if V e D" TR (U x Q, C), then
the function U — C, x" — R (o, x")[y > V(x', y)], is ck.
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(13) For every ¢ € DX(Q, C) the map o +— Ri(a, X)[¢] is a holomorphic function
on{a € C | Re(w) >n—2[£]}.

(14) Ifa € R, then R (a, x) is real, i.e., R¢(at, x)[¢] € R for all ¢ € D(L,R).

Proof. 1t suffices to prove the statements for the advanced Riesz distributions.
(1) Let Re(a) > n and ¢ € D(2,C). Then

R (e, x)[¢] = R (o, x)[(jex 0 expy) - (@ 0 expy)]

= C(a.n) 2 - (poexpy) - prdz
J1+(0)

= C(a,n) Fx% - dV.
T (x)

(2) This follows directly from the definition of RS ¥ (a, x) and from Lemma 1.2.2 (4).
(3) By (1) this obviously holds for ERe(a) > n since C(a,n) = a(e —n + 2) -
C(a + 2,n). By analyticity of > R% ¥ (a, x) it must hold for all a.

(4) Consider « with fte(x) > n. By (1) the function R¥ Y (o +2,x)is then C!. On
Jf (x) we compute

a+2—n
ZagradR (@ +2,x) =20C(x + 2, n)grad( 2 )
ot

2 — o
— 2aC(a + 2,n)“+T” T,

C(a,n)
= R?_(a, x) grad I'y.

For arbitrary @ € C assertion (4) follows from analyticity of o — R Yo, x).
(5)Leta € C with Re(a) > n+2. Since RY Y (x+2,x)is then C2 we can compute

DRE (o +2, x) classically. This will show that (5) holds for all @ with fe(c) > n+2.
Analyticity then implies (5) for all «.

DR%(OZ +2,x)
= —div (gradR (@ +2,x))

&_1 div (R (e, x) - grad(T'y))
1 1
Aal3 o ar, - R Tla,x) — (grad Iy, grad RQ(oz X))
1 1
(4) DF RQ(Ol x)— ——(grad 'y, grad Ty - Rg(a —-2,x))

200 - 2(a — 2)

Lemma 1 3. 19(1) 1
5o Ol R (e, x) + Ty - RE (e —2,x)

1
a(a —2)



32 1. PRELIMINARIES

3 1 (¢ —2)(a —n)

Q Q
= ZDFX-RJr(a,x)—i— 2@ —2) RY (o, x)
Or'y —2n Q
(T )

(6) Let ¢ be a testfunction on €2. Then by Proposition 1.2.4 (7)

RE(0.x)[¢] = R4(0)[(11x9) 0 exp,]
= So[(pxp) o expy]
= ((uxg) o exp,)(0)
= px(X)p(x)
= ¢(x)
= Ox[o].

(11) Let A(x, x"): Ty — T,/ be a time-orientation preserving linear isometry.
Then
RE(@. )V )] = Re @ - V(X)) 0 expyr 0A(x,x')]

where R () is, as before, the Riesz distribution on Ty 2. Hence if we choose A(x, x')
to depend smoothly on x’, then (ty - V(x', y)) o exp,, 0A(x, x’) is smooth in x" and
y and the assertion follows from Lemma 1.1.6.

(10) Since ord(R+(«)) < n+ 1 by Proposition 1.2.4 (8) we have ord(Ri (o, x)) <
n + 1 as well. From the definition Rg((x, X) = Wx expy Ri(@) it is clear that the
constant C may be chosen locally uniformly in x.

(12) By (10) we can apply Rﬁ (a, x") to V(x’,-). Now the same argument as for
(11) shows that the assertion follows from Lemma 1.1.6.

The remaining assertions follow directly from the corresponding properties of the
Riesz distributions on Minkowski space. For example (13) is a consequence of Corol-
lary 1.2.5. O

Advanced and retarded Riesz distributions are related as follows.

Lemma 1.4.3. Let Q be a convex time-oriented Lorentzian manifold. Leto € C. Then
forallu € D(Q x Q,C) we have

[ B2 w0 V6 = [ B2y ue )] V).

Proof. The convexity condition for €2 ensures that the Riesz distributions Ri (o, x) are
defined for all x € 2. By Proposition 1.4.2 (11) the integrands are smooth. Since u
has compact support contained in 2 x €2 the integrand Rf(a, xX) [y u(x,y)] (asa
function in x) has compact support contained in 2. A similar statement holds for the
integrand of the right-hand side. Hence the integrals exist. By Proposition 1.4.2 (13)
they are holomorphic in «. Thus it suffices to show the equation for o with Jte(a) > n.
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For such an o € C the Riesz distributions R (o, x) and R_(«, y) are continuous
functions. From the explicit formula (1) in Proposition 1.4.2 we see

Ri(a,x)(y) = R—(a,y)(x)

for all x, y € Q. By Fubini’s theorem we get
/R&mmwwuwwwwm=/(/R&mmwmuymww}wm
Q Q Q
=L(LR&mmmwmwwu0ww)

ZLRﬂmwuHumwwww. O

As atechnical tool we will also need a version of Lemma 1.4.3 for certain nonsmooth
sections.

Lemma 1.4.4. Let Q2 be a causal domain in a time-oriented Lorentzian manifold of
dimension n. Let Re(a) > 0 andletk > n + 1. Let K1, Ka be compact subsets of Q
and letu € C*(Q x Q) so that supp(u) C Jf (K1) x J2(K3). Then

| B@ob sl v = [ R ut ] Vi)
Q Q

Proof. For fixed x, the support of the function y — u(x, y) is contained in J#(K>).
Since Q is causal, it follows from Lemma A.5.3 that the subset J52(K5) N Jf (x) is
relatively compact in Q. Therefore the intersection of the supports of y + u(x, y) and
Rﬁ (a, x) is compact and contained in Q. By Proposition 1.4.2 (10) one can then apply
Rg(a, x) to the C*-function y + u(x, y). Furthermore, the support of the continu-
ous function x +— Rf(a,x) [y = u(x, y)] is contained in Jf (K1) N J2(supp(y —
u(x,y))) C Jf (K)NJEITE(K)) = Jf (Ky)N Jf (K3), which is relatively com-
pact in Q, again by Lemma A.5.3. Hence the function x Rf(oz, X) [y = u(x,y)]
has compact support in €, so that the left-hand side makes sense. Analogously the
right-hand side is well defined. Our considerations also show that the integrals depend
only on the values of u on (Jf(Kl) nJe (Kz)) X (Jf(Kl) nJe (Kz)) which is a
relatively compact set. Applying a cut-off function argument we may assume without
loss of generality that u has compact support. Proposition 1.4.2 (13) says that the inte-
grals depend holomorphically on « on the domain {#te(«) > 0}. Therefore it suffices
to show the equality for o with sufficiently large real part, which can be done exactly
as in the proof of Lemma 1.4.3. O

1.5 Normally hyperbolic operators

Let M be a Lorentzian manifold and let £ — M be a real or complex vector bundle.
For a summary on basics concerning linear differential operators see Appendix A.4.
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A linear differential operator P: C*°(M, E) — C®(M, E) of second order will be
called normally hyperbolic if its principal symbol is given by the metric,

op(§) = —(5.§) -idE,

forall x € M and all £ € T;‘ M . In other words, if we choose local coordinates

x!, ..., x" on M and a local trivialization of E, then
n N 82 n 9
P=- g S Ai(x)— + B
”ZZIg () 5o +j; ()5 + Bi(x)

where A; and B, are matrix-valued coefficients depending smoothly on x and (") 7]
is the inverse matrix of (g;;);; with g;; = (%, (,)xi,)
Example 1.5.1. Let E be the trivial line bundle so that sections in E are just functions.

The d’ Alembert operator P = [ is normally hyperbolic because

0uad§) f = fE,  oan()X = E(X)

and so

on(E) f = —0aiv(£) 0 0gua(§) f = —E(fE") = —(£.8) f.

Recall that £ — &# denotes the isomorphism 7, M — T, M induced by the Lorentzian
metric, compare (1.11).

Example 1.5.2. Let E be a vector bundle and let V be a connection on E. This
connection together with the Levi-Civita connection on 7* M induces a connection on
T*M ® E, again denoted V. We define the connection-d’Alembert operator 0V to
be minus the composition of the following three maps

v
C®(M,E) — C®(M,T*M ® E)
v r ®i
YoM, T*M @ T*M @ E) 225, ¢ (M, E)
where tr: T*M ® T*M — R denotes the metric trace, tr(§ ® ) = (£,7). We
compute the principal symbol,

ogv(§)¢ = —(r®idg) o ov(§) o ov(§)(p) = —(r ®idp)(§ ®E @ ¢) = —(5.§) ¢.
Hence OV is normally hyperbolic.

Example 1.5.3. Let E = A¥T*M be the bundle of k-forms. Exterior differentiation
d: C®(M,AN*T*M) — C°(M, A**1T* M) increases the degree by one while the
codifferential §: C°(M, A¥T*M) — C®°(M, A*~1T*M) decreases the degree by
one, see [Besse1987, p. 34] for details. While d is independent of the metric, the
codifferential § does depend on the Lorentzian metric. The operator P = d§ + 8d is
normally hyperbolic.



1.5. NORMALLY HYPERBOLIC OPERATORS 35

Example 1.5.4. If M carries a Lorentzian metric and a spin structure, then one can
define the spinor bundle £ M and the Dirac operator

D: C®(M,SM) — C®(M,SM),

see [Bar—Gauduchon—-Moroianu2005] or [Baum1981] for the definitions. The principal
symbol of D is given by Clifford multiplication,

op(E)y = £* -y

Hence
op2(E)Y = opE)opE)y = EF - EF .y = —(E.£) y.
Thus P = D? is normally hyperbolic.

The following lemma is well-known, see e.g. [Baum—Kath1996, Prop. 3.1]. It says
that each normally hyperbolic operator is a connection-d’ Alembert operator up to a
term of order zero.

Lemma 1.5.5. Let P: C®°(M, E) — C°(M, E) be a normally hyperbolic operator
on a Lorentzian manifold M. Then there exists a unique connection V on E and a
unique endomorphism field B € C*°(M,Hom(E, E)) such that

P =0+ B

Proof. First we prove uniqueness of such a connection. Let V' be an arbitrary con-
nection on E. For any section s € C*®(M, E) and any function f € C®(M) we
get ) )

OV (f-s)=f-(@s) =2V rs + (@) -s. (1.19)

Now suppose that V satisfies the condition in Lemma 1.5.5. Then B = P — [0V is an
endomorphism field and we obtain

f(P(s)—0Vs) = P(f-5)—0OY(f -5).
By (1.19) this yields

Verad £8 = 3/ - P(s) = P(f -5) + (Of) -5} (1.20)

At a given point x € M every tangent vector X € T, M can be written in the form
X = grad, f for some suitably chosen function f. Thus (1.20) shows that V is
determined by P and OJ (which is determined by the Lorentzian metric).

To show existence one could use (1.20) to define a connection V as in the statement.
We follow an alternative path. Let V' be some connection on E. Since P and OV’ are
both normally hyperbolic operators acting on sections in E, the difference P — av'is
a differential operator of first order and can therefore be written in the form

P-0OV =AoV + B,
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for some A’ € C*®°(M,Hom(T*M ® E, E)) and B’ € C*®°(M,Hom(E, E)). Set for
every vector field X on M and section s in £

1
Vxs 1= Vgs — EA’(Xb ® ).

This defines a new connection V on E. Let ey, ..., e, be a local Lorentz orthonormal
basis of TM . Write as before ¢; = (e;,e;) = £1. We may assume that at a given
point p € M we have V. e;(p) = 0. Then we compute at p

n
OVs+ A oV's = Zsj{ — Ve, Ve s+ A’(e]k? ® Véjs)}
j=1
- 1 r¢ b 1 re.b
- Zg,{ — (Ve + 546} ® )(Veys + 54'(&} ©5))
j=1

1
A & Vo) + 5 A} ® A} @)
- 1
= D] = Ve Vey5 = 3 Ve, (46} ©.5))
j=1

1 I
+ 34 ® Vess) + 7A€} ® A} @ 9))]

=

=Dvs—|—

n
& {A’(elll? ® A/(ejl? ®5)) —2(Ve, A’)(e‘? ® s)},
Jj=1

where V in V., A" stands for the induced connection on Hom(7*M ® E, E). We
observe that Q(s) :=O0V's + A’ o Vs —OVs = % 27=1 sj{A’(e}’. ® A’(e? ®s)) —
2(Ve, A’ )(e; ® s)} is of order zero. Hence

P=0"440V +B =0+ 0(s) + B'(5)
is the desired expression with B = Q + B’. |

The connection in Lemma 1.5.5 will be called the P -compatible connection. We
shall henceforth always work with the P-compatible connection. We restate (1.20) as
a lemma.

Lemma 1.5.6. Ler P = OV + B be normally hyperbolic. For f € C®(M) and
s € C®(M, E) one gets

P(f-s)=f -P(s)—2Vgaars+0Of -s. O



2 The local theory

Now we start with our detailed study of wave equations. By a wave equation we mean
an equation of the form Pu = f where P is a normally hyperbolic operator acting on
sections in a vector bundle. The right-hand side f is given and the section u is to be
found. In this chapter we deal with local problems, i.e., we try to find solutions defined
on sufficiently small domains. This can be understood as a preparation for the global
theory which we postpone to the third chapter. Solving wave equations on all of the
Lorentzian manifold is, in general, possible only under the geometric assumption of
the manifold being globally hyperbolic.

There are various techniques available in the theory of partial differential equations
that can be used to settle the local theory. We follow an approach based on Riesz
distributions and Hadamard coefficients as in [Giinther1988]. The central task is to
construct fundamental solutions. This means that one solves the wave equation where
the right-hand side f is a delta-distribution.

The construction consists of three steps. First one writes down a formal series
in Riesz distributions with unknown coefficients. The wave equation yields recursive
relations for these Hadamard coefficients known as transport equations. Since the
transport equations are ordinary differential equations along geodesics they can be
solved uniquely. There is no reason why the formal solution constructed in this way
should be convergent.

In the second step one makes the series convergent by introducing certain cut-off
functions. This is similar to the standard proof showing that each formal power series
is the Taylor series of some smooth function. Since there are error terms produced by
the cut-off functions the result is convergent but no longer solves the wave equation.
We call it an approximate fundamental solution.

Thirdly, we turn the approximate fundamental solution into a true one using certain
integral operators. Once the existence of fundamental solutions is established one can
find solutions to the wave equation for an arbitrary smooth f with compact support.
The support of these solutions is contained in the future or in the past of the support
of f.

Finally, we show that the formal fundamental solution constructed in the first step is
asymptotic to the true fundamental solution. This implies that the singularity structure
of the fundamental solution is completely determined by the Hadamard coefficients
which are in turn determined by the geometry of the manifold and the coefficients of
the operator.

2.1 The formal fundamental solution

In this chapter the underlying Lorentzian manifold will typically be denoted by €2.
Later, in Chapter 3, when we apply the local results 2 will play the role of a small
neighborhood of a given point.
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Definition 2.1.1. Let €2 be a time-oriented Lorentzian manifold, let E — €2 be a vector
bundle and let P: C*°(R2, E) — C*°(£2, E) be normally hyperbolic. Let x € Q2. A
Sfundamental solution of P at x is a distribution F € D'(2, E, EY) such that

PF =,.
In other words, for all ¢ € D(Q2, E*) we have

F[P*¢] = ¢(x).

If supp(F(x)) C Jf (x), then we call F an advanced fundamental solution, if
supp(F (x)) C J(x), then we call F a retarded fundamental solution.

For flat Minkowski space with P = [0 acting on functions Proposition 1.2.4 (3) and
(7) show that the Riesz distributions R4 (2) are fundamental solutions at x = 0. More
precisely, R+ (2) is an advanced fundamental solution because its support is contained
in J4(0) and R_(2) is a retarded fundamental solution.

On a general time-oriented Lorentzian manifold €2 the situation is more complicated
even if P = [O. The reason is the factor M + 1 in Proposition 1.4.2 (5) which
cannot be evaluated for « = 0 unless LTy, — 2n vanished identically. It will turn out
that R$(2, x) does not suffice to construct fundamental solutions. We will also need
Riesz distributions Rg(Z + 2k, x) fork > 1.

Let €2 be geodesically starshaped with respect to some fixed x € €2 so that the Riesz
distributions Rﬁ(oz, x) = Rg(a,x) are defined. Let E — Q be a real or complex
vector bundle and let P be a normally hyperbolic operator P acting on C*°(S2, E).
In this section we start constructing fundamental solutions. We make the following
formal ansatz:

R (x) —ZV"R (2 + 2k, x)
k=0

where ka € C®(Q2, E® EY) are smooth sections yet to be found. Forg € D(2, E*)
the function Vf - is an E}-valued testfunction and we have (Vf . Ri 242k, x)[¢] =
Rg 242k, x)[VF-¢] € E¥. Hence each summand V* 'Rﬁ (24 2k, x) is adistribution
in D'(Q, E,EY).

By formal termwise differentiation using Lemma 1.5.6 and Proposition 1.4.2 we
translate the condition of &R 1 (x) being a fundamental solution at x into conditions on
the ka. To do this let V be the P-compatible connection on E, thatis, P = oV + B
where B € C*°(2,End(FE)), compare Lemma 1.5.5. We compute

o
RE(0.x) =8, = PR+(x) =) P(VFRE(Q2+ 2k.x))
k=0

oo
= D AV OREQ@ + 2k, %) =2V p2 42y Ve + PV REQ@ + 2k, )}
k=0
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= VO DR (2 X) ngradRi(Z,x)V)?

k DI‘X —n Q k
+ Z }Vx . ( + I)R (2k )C) gradrx R$(2k,x)Vx

+ PV;‘—l.Rg(zk,x)}
= V)? ' DRg(z,X) - 2VgradRQ(Z x)V)?

+Zlk 1DF —l’l+2k) _vgradeV +2kPVk I}R (Zk X)
k=1

Comparing the coefficients of RY % (2k, x) we get the conditions
2Va RS20 Vs — OREQ2.0) - V) + RE(0.x) =0 and 2.1)
Veadr, Vi — (A00x —n +2k) VE =2k PVETY fork > 1. (22)

We take a look at what condition (2.2) would mean for k& = 0. We multiply this
equation by R T, x):

VeradTy Ri(a,x)Va? — (380 —n) V- RE(@.x) = 0.
By Proposition 1.4.2 (4) and (5) we obtain
VZagdez(a_i_z’x) V)? — (aDRi((x +2,x)— oth(oc, x)) on =0.
Division by « and the limit « — 0 yield

2Va 22 Ve — (ORE(2.x) = RE(0.2)) V) = 0.

Therefore we recover condition (2.1) if and only if V?(x) = idg, .

In order to obtain formal fundamental solutions R+ (x) for P we hence need ka €
C>®(Q, E ® EY) satistying

Ve, Vi — (A300y —n + 2k) VE =2k PV (2.3)

for all k > 0 with “initial condition” V2(x) = idg, . In particular, we have the same
conditions on Vf for R (x) and for R_(x). Equations (2.3) are known as transport
equations.

2.2 Uniqueness of the Hadamard coefficients

This and the next section are devoted to uniqueness and existence of solutions to the
transport equations.
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Definition 2.2.1. Let 2 be time-oriented and geodesically starshaped with respect to
x € Q. Sections Vf € C®(Q, E ®@ E}) are called Hadamard coefficients for P at x
if they satisfy the transport equations (2.3) for all k > 0 and V2(x) = idg,. Given
Hadamard coefficients V¥ for P at x we call the formal series

Ry(x) =Y VE-RE@Q@+ 2k.x)
k=0

a formal advanced fundamental solution for P at x and

o0
R(x) =Y V& REQ2+2k.x)
k=0

a formal retarded fundamental solution for P at x.

In this section we show uniqueness of the Hadamard coefficients (and hence of the
formal fundamental solutions R4 (x)) by deriving explicit formulas for them. These
formulas will also be used in the next section to prove existence.

For y € Q we denote the V-parallel translation along the (unique) geodesic from
X to y by

}: Ex — Ey.
We have I1{ = idg, and (H;)_1 = I1}. Note that the map ®: Q x [0,1] — ,
D(y,s) = exp,(s - exp; (1)), is well defined and smooth since €2 is geodesically
starshaped with respect to x.

Lemma 2.2.2. Let ka be Hadamard coefficients for P at x. Then they are given by

V2(y) = uy' 2 24)
and for k > 1

1
VE(Y) = —k py 2 (y) I /O 1y 2 ( @y, $)sF IR (PVET (@(y, 5))) ds.

(2.5)
Proof. We put p := /|Ix|]. On Q \ C(x) where C(x) = exp, (C(0)) is the light
cone of x we have T'y(y) = —ep?(y) where ¢ = 1 if exp;'(y) is spacelike and
e = —1ifexp;!(y)is timelike. Using the identities %Drx—n = _%agradl"x log ity =

—0Ograd Ty log(u,,lc/z) fromLemma 1.3.19 (3) and 0graq , (log pk) = k0_2¢pgradp logp =
—28kp3g“’%p = —2k we reformulate (2.3):

Vgradl"x V,f + 8grad Ty log (/L)lc/z . pk)Vf =2k Pka_l.
This is equivalent to

Vgrad T'x (/’Lglc/z : Pk - Vf) = M}lc/z : pkvgrad T'x Vf + agrad Fx( )16/2 : pk)Vf
=ul/2. % 2k . PVETL (2.6)
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For k = 0 one has Vguar, (u/? V9) = 0. Hence nl/? V20 is V-parallel along the
timelike and spacelike geodesics starting in x. By continuity it is V-parallel along
any geodesic starting at x. Since /,L,lc/ z(x)V)? (x) = 1-idg, = II{ we conclude
132 ()V2(y) = T forall y € Q. This shows (2.4).

Next we determine V¥ for k > 1. We consider some point y €  \ C(x) outside
the light cone of x. We put n := exp;'(y). Then c(t) := exp,(e* - n) gives a
reparametrization of the geodesic B(f) = exp,(¢n) from x to y such that ¢(¢) =
2¢% B(e?"). By Lemma 1.3.19 (1)

(@), ¢()) = 4e*" (B(e*). B(e))
= de* (n,n) = ~4y(e*')
= —4Ty(c(t)) = (grad Ty, grad I'y).

Thus c is an integral curve of the vector field — grad T'y. Equation (2.6) can be rewritten

as
Voo

— (V) @) = (32 - o -2k PVET) (),

which we can solve explicitly:
(20" VE) @)

t
= -} ( [ I (/- p* - 2k - PVf‘l)(cm)dz)
—0o0

= -2k T1%, ( / t 12 (c(@)ple(@) e (P ka_l(c(‘[)))dr) .
We have
p(c()F = plexp, (> M)* = [y n)|*/> = [e* y () |F/* = |y (n)|*/2.
Since y & C(x) we can divide by |y(n)| # 0:
K (PVE) ()

= 2k ij(t) (/_too ,u)lc/Z(c(‘L'))eZkt n;(r)(p Vf—l(c(z))) dr)

¢ X . _ dS
= -2k Iy, fo 2 (expe(s - m) sF TIEP P (PVE (expy(s - m) 5

where we used the substitution s = e27. For ¢t = 0 this yields (2.5). O

Corollary 2.2.3. Let Q2 be time-oriented and geodesically starshaped with respect to
x € Q. Let P be a normally hyperbolic operator acting on sections in a vector bundle
E over Q2.

Then the Hadamard coefficients Vf for P at x are unique for all k > 0. O
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2.3 Existence of the Hadamard coefficients

Let 2 be time-oriented and geodesically starshaped with respect to x € 2. Let P be
a normally hyperbolic operator acting on sections in a real or complex vector bundle
E over . To construct Hadamard coefficients for P at x we use formulas (2.4) and
(2.5) obtained in the previous section as definitions:

Vo(y) = pui 2 (y) - 103

and
VE() 1= —k u V() I [ HY2(@(y. 5)sF1 IR0 (PVE1 (@(y. 5))) ds
0

We observe that this defines smooth sections V¥ € C®(Q, E ® E}). We have to
check forallk > 0

Vera 1 (137 05 VE) = 13/? - 2k - PV, @7

from which Equation (2.3) follows as we have already seen. For k = 0 Equation (2.7)
obviously holds:

Vgrad Tx (/L)lc/z V)?) vgrad l"x =0.

For k > 1 we check:
Vgrztd Ty (M)IC/Z k Vk)(y)

1 _ ds
= —kVeraa 1, TI5 /0 w2(@(.8) p0)* - sF IO PV @0y, 9) —

=p(®(y,9))k
x ! 1/2 k mrx k—1 ds
= _kvgrad Tx Hy o (I“Lx o HCD(y,s)(PVx ))(®(yv S)) ?

S=€2

. 0
2 Va1, T3 / (120k T, o) (PVED) (@(y, €2)) d 1
—o0

integral curve
for —grad I'x

0
— 2k T / (120" T, o (PVED) (@ (D(y.e*).€7)) dt

x J—
Y odtlt=0

0
| M (PYED) (5.2 4))
1:’==7:+t d

t
kg G L [ My o (PYED) (@0 de

_ 1/2 k k—1 0
=2k T} (uy/ 20" (.5 (P V) (@(y. %)

=Yy

=2k Il

x—
Y odt li=

= 2k u2() pF ) (PVED ()
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which is (2.7). This shows the existence of the Hadamard coefficients and, therefore,
we have found formal fundamental solutions R (x) for P at fixed x € Q.

Now we let x vary. We assume there exists an open subset U C 2 such that
Q2 is geodesically starshaped with respect to all x € U. This ensures that the Riesz
distributions Rﬁ(oz,x) are defined for all x € U. We write Vi (x,y) 1= V)g‘ (y) for
the Hadamard coefficients at x. Thus Vi (x,y) € Hom(E,. Ey) = Ef ® E,. The
explicit formulas (2.4) and (2.5) show that the Hadamard coefficients V} also depend
smoothly on x, i.e.,

Vi eC®U xQ,E*RE).

Recall that £* X E is the bundle with fiber (E* X E)(,,) = E; ® E,. We have
formal fundamental solutions for P atall x € U:

Ri(x) =) Vilx.) REQ2 + 2k, x).
k=0

We summarize our results about Hadamard coefficients obtained so far.

Proposition 2.3.1. Let Q be a Lorentzian manifold, let U C Q be a nonempty open
subset such that Q2 is geodesically starshaped with respect to all points x € U. Let
P = OV + B be anormally hyperbolic operator acting on sections in a real or complex
vector bundle over 2. Denote the V-parallel transport by T1.

Then at each x € U there are unique Hadamard coefficients Vi (x, - ) for P, k > 0.
They are smooth, Vi, € C®°(U x 2, E* K E), and are given by

Vo(x.y) = uy"2(y) - I}

and fork > 1
Vi(x,y)

1
= —kp ()T /0 12 (@(y, )5 RO (Py Vieor) (x, Dy, 5) ds

where P(y) denotes the action of P on the second variable of Vi_;. O

These formulas become particularly simple along the diagonal, i.e., for x = y. We
have for any normally hyperbolic operator P

Vo(x,x) = /Lx(x)_l/zl'[§ =idg,.

For k > 1 we get

1

Ve(x,x) = =k i) -1+ TI§ / ST (Poy Vi) (o, )i P (x)ds
N—— ~—~—J0 ~——
=1 =id =id

= —(P2)Vi-1)(x, x).
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We compute V; (x, x) for P = OV + B. By (2.5) and Lemma 1.5.6 we have
Vi(x,x) = =(P)Vo)(x, x)
= —P(u;'P 1))
= 2 (0) - PO + 20 1, ()13 () = Op; ) () - id,
~———
=0
= —@Y + BYIIH() — @Op ) () - idg,
= —Bl: — @Op; ")) - idg, .
From Corollary 1.3.18 we conclude

scal(x)
6

Remark 2.3.2. We compare our definition of Hadamard coefficients with the definition
used in [Giinther1988] and in [Baum—Kath1996]. In [Giinther1988, Chap. 3, Prop. 1.3]
Hadamard coefficients Uy are solutions of the differential equations

L[y, Uk(x, )] + (M(x,-) + 2k) Ug(x,-) = =P Ug—1(x,-) (2.8)

Vl(x,X)Z idEx_le-

with initial conditions Up(x) = idg,, where, in our terminology, L[f;-] denotes
—Vgraa 7 () for the P-compatible connection V, and M(x,-) = %Drx — n. Hence
(2.8) reads as

—Veradr, Uk (x,+) + (300x —n + 2k) Uk (x,-) = —PUj_1(x,-).
We recover our defining equations (2.2) after the substitution

1
Uk = sz Ve

2.4 True fundamental solutions on small domains

In this section we show existence of “true” fundamental solutions in the sense of
Definition 2.1.1 on sufficiently small causal domains in a time-oriented Lorentzian
manifold M. Assume that Q' C M is a geodesically convex open subset. We then
have the Hadamard coefficients V; € C*°(Q' x Q’, E* K E) and for all x € Q' the
formal fundamental solutions

o0
Re(x) =Y Vi(x.) RE Q2 +2j.x).
j=0

n
2
the distribution Rg/(2 + 2j, x) is a continuous function on ©’. Hence we can split the
formal fundamental solutions

N-1 o

Re(x) = Y Vi(x. ) REQ@+2.0) + Y Vi(x. ) RE 2 +2).x)
=0 j=N

Fix aninteger N > 2 where n is the dimension of the manifold M. Then forall j > N
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where Z —0 V (x,-) RQ (2 + 2j,x) is a well-defined E}-valued distribution in E
over Q' and ZJ-:N Vi(x,-) Rﬁ (2 4+ 2j,x) is a formal sum of continuous sections,
Vi(x,-) R¥(2+2j,x) e COQ,EX @ E) for j > N.

Using suitable cut-offs we will now replace the infinite formal part of the series by a
convergent series. Let o : R — R be a smooth function vanishing outside [—1, 1], such
that o = 1 on [—%, %] and 0 < o < 1 everywhere. We need the following elementary
lemma.

Lemma 2.4.1. For every |l € N and every B > [ + 1 there exists a constant c(l, B)
such that for all 0 < ¢ < 1 we have

H Cow/ont)|  <e-c.p) Iolei,
COR)
Proof.
dl
‘ Se/en) com

1

2 ()

l

= Z ( ) ,B(ﬂ - 1) (:3 —l+m+ l)gﬂ_l “ (I/S)ﬂ_l+m0(m)(t/8) ”CO(]R)'

m=0

0™ /o) BB —1) ... (B +m+ P

COR)

Now o™ (¢t /e) vanishes for |¢t|/e > 1 and thus ||(t/e)ﬂ_m+la(m)(t/8)||C0(R) <

||o(m)||C0(R)- Moreover, § — [ > 1, hence e~ < &. Therefore

I
ESZ (ri) BB-=1...B=1+m+ 1)||O'(m)”C0(R)

CO(R) m=0
<ecl,B)lollciwy- .

H—(a(x/en/’)

We define T' € C*°(Q' x Q',R) by T'(x, y) := T'x(y) where T’y is as in (1.17).
Note that I'(x, y) = 0 if and only if the geodesic joining x and y in Q' is lightlike. In
other words, I'"1(0) = UXEQ,(CE/(X) U C® (x)).

Lemma 2.4.2. Let Q CC Q' be a relatively compact open subset. Then there exists a
sequence of ¢; € (0,1], j > N, such that for each k > 0 the series

o0

) Y 0T, y)/e)Vi(x, ) RE 2+ 2/, %))
J=N+k
Y% Nk €@ +2j.m)o(T(x,y)/e/)V;(x. y) T(x, y) 177/,
- ify € JZ (x)
0, otherwise
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converges in C k(S_Z xQ.E*RE ). In particular, the series

oo

(x.9) > Y o(T(x.y)/e))V;(x.y) RE 2+ 2j.x)(y)
j=N
defines a continuous section over Q x Q and a smooth section over (2 x Q) \ I'"1(0).

Proof. For j > N > % the exponent in T'(x, y)/171/2 is positive. Therefore the
piecewise definition of the j-th summand yields a continuous section over €.
The factor o (I'(x, y)/e;) vanishes whenever I'(x, y) > ¢;. Hencefor j > N > %
and0 <¢g; <1
H(X, y) = G(F(X, y)/Sj)V](X, J’) Ri (2 + zjvx)(y)”CO(g_zxg_Z)
< CQ+ 2.0 Villco@uay & 7"
= C2+2j.n) [Villco@xa &-
Hence if we choose ¢; € (0, 1] such that
CQ+2j.m) Vil cogna & <27,

then the series converges in the C °-norm and therefore defines a continuous section.
. n
Fork > 0and j > N + k > 5 + k the function /172 vanishes to (k + 1)-st
order along '™ (0). Thus the j-th summand in the series is of regularity C¥. Writing
0;(t) := o(t/e;)t! T17"/2 we know from Lemma 2.4.1 that
lojllcrmy < & -cilk, j,n) - lollck )
where here and henceforth ¢y, ¢;, . . . denote certain universal positive constants whose
precise values are of no importance. Using Lemmas 1.1.11 and 1.1.12 we obtain
[ Ce.y) = o (Dx, ) /) Vi (6, ) RE 2+ 2/, )00 | e @nay
= C2+2j.m)l(0j oT) Villcr@xq)
< ca(k. j.n)-lloj o Ullck@xay - 1V llck @xa)
¢

<cs(k, j,n) - llojllcrmy T max ITer @xay - Vi ler @xa

. 12
< catk,jom) & - lollcr@y -, max [T Ik gy - 1V lcx @y

Hence if we add the (finitely many) conditions on ¢; that
calke, jon) & - Villcx@xay <27
forall k < j — N, then we have for fixed k

[(x. ) = o(T(x.y)/e)V(x.y) RZ (2 +2j, x)()’)”Ck(g—ZXQ)

14

<27 - follcrm -, max Tl )
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forall j > N + k. Thus the series

[e.]

@)= Y 0T )/e)V(x,y) RE 2+ 2/, x)(y)
j=N+k

converges in CK(Q x S_Z,_E* X E). All summands o(T'(x, y)/e;)V;(x,y) Rf(Z +
27, x)(y) are smooth on Q x Q \ I'"1(0), thus

(x.y) > Y o(T(x,»)/e))Vj(x.y) RE 2+ 2j.x)(y)
j=N
N+k—1

= Y o »)/e)Vi(x, ) REQ+2/,%)(y)
j=N

+ Y o(T(x,)/e)Vi(x, ) RE 2+ 2/, %)(y)
j=N+k

is C* for all k, hence smooth on (€ x €) \ I'"1(0). O
Define distributions :ﬁ+ (x) and R_ (x) by
_ N-1 oo
Re(x) =Y Vi(x, ) REQ+2j.x)+ Y oT(x.-)/e))V;(x.) RE 242/, x).
j=0 j=N
By Lemma 2.4.2 and the properties of Riesz distributions we know that
supp(R(x)) € J£'(x), 2.9)
sing supp(R+ (x)) C Cf/(x), (2.10)
and that ord (R (x)) < n + 1.

Lemma 2.4.3. The ¢; in Lemma 2.4.2 can be chosen such that in addition to the
assertion in Lemma 2.4.2 we have on 2

PoyRa(x) = 8 + Kx(x,-) (2.11)
with smooth Ky € C®(Q x Q, E* R E).

Proof. From properties (2.1) and (2.2) of the Hadamard coefficients we know

N-1
Poy( 30 Vite, ) RE @ +2),3)) = 8 + (Poy V10, )RE 2N, ). 2.12)
j=0
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Moreover, by Lemma 1.1.10 we may interchange P with the infinite sum and we get

oo

Py (Y 0T )/e))Vi (v, ) RE 2 +2).))

j=

Pay(o(T(x,-)/e/)V;(x,+) RE (2 + 2/, %))

IS

I
=

(O @ (T (x,-)/e))V;(x, )RE 2 + 2j,x)

"M8'

I
=z

(#3) Q .
— 2Vgrad(2)a(r(x;)/sj)(l/j(x, DRI (2+2j,x))
+a(D(x,) /) Pay(V; (x, ) RE (2 + 2/, x))).

Here and in the following U (y), grad ), and V@ indicate that the operators are applied
with respect to the y-variable just as for P,).
Abbreviating Xy := Y72y Oy (0(T'(x,-)/£;))V; (x,-)RE (242j. x) and £, :=

2 Q/ .
232N ngd(z)g(r(x’_)/aj)(Vj(x,~)RjE (2 + 2/, x)) we have

(o.¢]

Py () 0T )/e)Vi(x) RE 2+ 2).))

j=N

=31+ %+ ) o(T(x.-)/e) Py (Vi (x. )RE (2 + 2/.x))
j=N

=31+ 2+ ) o(T(x.)/e)((PoyVj(x. )RE (2 +2j.x)
j=N

_ov® ,
2vgmd(2)Ri oy )V (x, 0@ RE 2+ 2/, x)).

Properties (2.1) and (2.2) of the Hadamard coefficients tell us

v@ o
Vi(x, ) 0@ RE 2 +2j,x) =2V oy R (22707 )
= —Poy(Vi_1(x.- )RS 2+ 2j.x))

and hence

oo

Pay( Y- 0T )/e))Vy (e ) RE 2 +2).))

Jj=N

= T4+ T4 ) o0 e) (P Vi DRE @ +2).%)
Jj=N

— Po)V;-1RE (2], %))
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=%, 4 35 —o(T(x,-)/en) Py V-1 RE (2N, x)
o0
+ ) (0T (x.)/e) —o(T(x.)/gj41) (P Vj (x.-)RE (2 + 2. x).
j=N

Putting

S3= Y (0(T(x.)/e)) — o (T(x.) ej41) (Py Vi (. )RS (2 + 2. x)
j=N

and combining with (2.12) yields

P(z)ﬁi(x)—fsx = (1-o(T'(x,-)/en-1)) Py VN-1(x, ~)R¥/(2N, X)+21+2,+2s.
(2.13)
We have to show that the right-hand side is actually smooth in both variables. Since

P@yVn—1(x. y)RE 2N. x)(y)
_Jec@N.n) PoyVy-1(x, p) T, )V 2, ity € J§ (x)

0, otherwise

is smooth on (' x2’)\I' "1 (0) and since 1—o(T'(x, ) /¢;) vanishes on a neighborhood
of I'"1(0) we have that

(x,3) > (1 =o(T(x,»)/8))) - PoyVn-1(x, ») R (2N, x)(»)

is smooth. Similarly, the individual terms in the three infinite sums are smooth sections
because o(I'/¢;) — o (I'/ej+1), grad(y (o o SLJ_), and Oy (o o SLJ) all vanish on a

neighborhood of I'"1(0). It remains to be shown that the three series in (2.13) converge
in all C*-norms.
We start with 5. Let S := {(x,y) € @' x Q' | £ < T'(x,y) < &}

time direction

Figure 13. Section of S; for fixed x.
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Since grad,)(o o EL) vanishes outside the “strip” S}, there exist constants ¢ (k, n),
J
¢a2(k,n) and c3(k,n, j) such that

VO L (e REF@+2)0)]

grad(z) (O'Og)

=|v® o (v RE@+2)0)]

grad (o) (oo g)

Ck(©@xQ)

Ck(@xans;)

<citkn)-[oo L crriguans, - Vi) RE @42/ | ciri @xans))
r ¢

< ck.n) - ollcr+iw) Commax ||g_j||ck+1(g_2xg_msi)

: ||Vj||ck+l(s_2xs_2rwsj) : ||R§2: (2+2, ')||ck+1(s_2xs_2rwsj)

1
<ca(k,n)- F o llcrt+r(my Q:(?,.l.a,)/{c ||F||Ck+1(QXQ)
J

Willern @xa  I1RE 2427l @xans))

1
<cs3tk,n,j) ——-|lo|lck+ - max r|¢ = =
= 3( ]) 8j.€+1 ” ”C L(R) [=O,...,k+1” ”Ck‘H(QXQ)

MViller+1@xa - ||F1+j_n/2||ck+l(s‘zxs‘msj)-
By Lemma 1.1.12 we have

1+j—n/2
I 72 et @xns))

564(k)'||l'—>tl+j_"/2||ck+l([a,/ze,]) (dnax ||F||Ck+1(mms)
j—n/2—k
<C5(k ./ n) 8 5_51,..1?,)/(( ||F||Ck+1(QXQﬂS)
Thus
v@ (V- CORE 2+ 2).- )‘ -
H grada) (005 iCRECH2I )| ki

2
. /4
< co(kojom) - lollcrrimy - (,_max Ikt )

—2k—n/2—1
”V ”Ck‘H(QxQ) 81 -/

< cs(k, j.n) - lolce+i ) .€=(§na)](c ||F||Ck+1(QXQ) 1Villcx+1@xay - €
if j > 2k + n/2 + 2. Hence if we require the (finitely many) conditions

colk, j,n) - | Villcrst @ixisy - &5 <277

on¢; forall k < j/2 —n/4 — 1, then almost all j-th terms of the series ¥, are

bounded in the C*-norm by 27/ . lollck+1(r) - Maxg=o,... k+1 ||F||Ck+1(§2x52) Thus
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X, converges in the C k_norm for any k and defines a smooth section in E* X E over
Q2 x Q.
The series X is treated similarly. To examine X3 we observe that for j > k + 5

H((U ° «SFT) — (0055 )) -(Pay)Vj)-RE 2+ 2j,-)‘

€j+1 Ck(QxQ)
<c7(j,n)- H ((U ° 5) — (oo sjil )) (PayV))- Flﬂ_n/z‘ Ck (%)
<estkjom - [((o0 ) = (o0 ) T o o
Py ||ck(s‘zx§) ] Ck(QxQ)
< cg(k, j.n)- (H (00 g) LTk ‘ Ck@xB) + ” (00 %) T ‘ ck(g‘zxﬁ))
JLOL PRUR N [ 0
Putting 0, (1) := o(t/e;) - t**1 we have (0o %) -T*+1 = 5, o I'. Hence by

Lemmas 1.1.12 and 2.4.1

[0 &) - T ckanay = lo7 o Tller@nay

¢
=< C9(k, I’l) . ”Uj Hck(]R) . Zi%?ik ||F||Ck(f2x§)
. . . Z — —
<ciolk,n) g -llolck ) (Jmax ITN e @x) -

Plugging this into (2.14) yields

(0D~ (o) oV RE@+2)| o0

= enkojom) - (e + i) - lollerm +, max, Tk @y
’ “ Py ||ck(s_zx§) ' ”rj_k_n/2 “ck(s‘zxs‘z)'
Hence if we add the conditions on ¢; that
cntkjon) & [PaoyVilcr@ea 107 cr@ngy <2777
forallk < j — % and

A N P e P

forall k < j —1— 7, then we have that almost all j-th terms in X3 are bounded in
the C*-norm by 27/ - lollck r) - maxg=o,... k ”I‘Hgk@xﬁ)' Thus X3 defines a smooth
section as well. O
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Lemma 2.4.4. The ¢; in Lemmas 2.4.2 and 2.4.3 can be chosen such that in addition
there is a constant C > 0 so that

IR ()]l < C - llgllentia

forall x € Q and all ¢ € D(KQ, E*). In particular, c7?()6) is of order at most n + 1.
Moreover, the map x — R1(x)[@] is for every fixed ¢ € D(2, E*) a smooth section
in E*, _ B
R+()lp] € CZ(QET).
We know already that for each x € Q the distribution ﬁ(x) is of order at most
n + 1. The point of the lemma is that the constant C in the estimate | R4 (x)[¢]| <
C - |l@llcn+1(gq) can be chosen independently of x.

Proof. Recall the definition of R (x),

N-1 00
Re(x) =D Vi(x, ) REQ+2j,x)+ Y o(T(x,)/e)V;(x,-) RE 242/, x).
Jj=0 Jj=N

By Proposition 1.4.2 (10) there are constants C; > 0 such that |R2/(2 + 27, 0)[¢]] <
Cj - ll¢llcn+1(gq) for all g and all x € 2. Thus there is a constant C’ > 0 such that for

all ¢ and all x € Q we have
N-1

‘ Z Vi, ) RE 2 +2/,0)[0]]| = C" - llgllent1(gy-
j=0

The remainder term ZfiN o(I'(x,y)/e))V;(x, y)Rg(Z +27,x)(y) =: f(x,y)isa
continuous section, hence

> o) /epVi(x) RE @ +2). )]
j=N

= [ flco@xay - vol(Q) - lellcoce)
< [ fllco@xay - vol(§2) - lellcnt1 e

for all ¢ and all x € Q. Therefore C := C’ + I/ lco@xay - vol(€2) does the job.
To see smoothness in x we fix k > 0 and we write

N—-1
Rae()lpl = Y Vilx,-) RE 2 +2j,%)¢]
=0

N+k-1

+ Y o(T(x.-)/e)V;(x,) RE 2+ 2/, %))
j=N

+ Y o(T(x,)/e))V;(x.) RE 2 +2j,x)[el.
j=N+k
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By Proposition 1.4.2 (11) the summands o (I'(x,-)/&;)V; (x, ) Rg/(Z 427, x)[¢] and
Vi(x,-) Rg(2 + 2j,x)[¢] depend smoothly on x. By Lemma 2.4.2 the remainder
Z}";N% o(T(x,-)/e))Vi(x,-) Rf(2+2j, x)[¢]is C¥. Thus x — R (x)[¢]is C¥
for every k, hence smooth. |

Definition 2.4.5. If M is a time-oriented Lorentzian manifold, then we call a subset
S C M x M future-stretched with respectto M if y € J fr‘” (x) whenever (x,y) € S.
We call it strictly future-stretched with respectto M if y € I f (x) whenever (x, y)€S.
Analogously, we define past-stretched and strictly past-stretched subsets.

We summarize the results obtained so far.

Proposition 2.4.6. Let M be an n-dimensional time-oriented Lorentzian manifold
and let P be a normally hyperbolic operator acting on sections in a vector bundle E
over M. Let Q' C M be a convex open subset. Fix an integer N > % and fix a
smooth function o : R — R satisfying 0 = 1 outside [—1,1], 0 = 0 on [— %, %], and
0 <o <1 everywhere.

Then for every relatively compact open subset Q@ CC Q' there exists a sequence
gj >0, j > N, such that for every x € Q

N—-1 o]
Ri() =Y Vi(x. )REQ+2j.x)+ > o(T(x.)/e))V;(x.-) RE (2 +2j.x)
j=0 Jj=N

defines a distribution on 2 satisfying
(1) supp(R+(x)) C I (x),
(2) singsupp(Rat(x)) C CL'(x),
(3) PayR+(x) = 8; + Ki(x,-) with smooth Ky € C®°(Q x Q, E* K E),
(4) supp(Ky) is future-stretched and supp(K_) is past-stretched with respect to Q/,
(5) Rs (x)[@] depends smoothly on x for every fixed ¢ € D(2, E™),
(6) there is a constant C > 0 such that | R+ (x)[¢]| < C - lollcn+i(q)forall x € Q
and all p € D(2, E™).

Proof. The only thing that remains to be shown is the statement (4). Recall from (2.13)
that in the notation of the proof of Lemma 2.4.3

Ki(x,y) = (=0 (T (x,y)/en-1))-P@)Va-1(x, )-RE N, x)(9)+ 1+ 22+ 5.

The first term as well as all summands in the three infinite series X1, X5, and X3
contain a factor Rg/(Zj,x)(y) for some j > N. Hence if K;+(x,y) # 0, then
y € supp(Rf(Zj,x)) C Jf/(x). In other words, {(x,y) € Q x Q | K+(x,y) # 0}
is future-stretched with respect to Q’. Since @ is geodesically convex causal futures
are closed. Hence supp(K+) = {(x,y) € Q x Q | K4+ (x, y) # 0} is future-stretched
with respect to ' as well. In the same way one sees that supp(K_) is past-stretched.

O
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Definition 2.4.7. If the ¢; are chosen as in Proposition 2.4.6, then we call

N-1 (o)
Re(x) =Y Vi(x. ) REQ+2j.x)+ > o(T(x.)/e))V;(x.-) RE (2 +2j.x)
j=0 Jj=N

an approximate advanced or retarded fundamental solution respectively.

From now on we assume that & CC Q' is arelatively compact causal subset. Then
for every x € Q we have Jf (x) = Jiz/(x) N 2. We fix approximate fundamental

solutions ﬁi (x).
We use the corresponding K1 as an integral kernel to define an integral operator.
Set foru € C%(Q, E*) and x € Q

(Kosu)(x) = fQ K (e )u(y) dv(y). (2.15)

Since K4 is C* so is K+u, i.e., Kiu € C°°(§_2, E*). By the properties of the
support of K4 the integrand Ky (x, y)u(y) vanishes unless y € Jiz (x) N supp(u).
Hence (KLu)(x) = 0if Jf (x) N supp(u) = @. In other words,

supp(K+u) C Jf;z (supp(u)). (2.16)
If we put Gy := [ [K+(-, ¥l cr gy dV(»), then
| Karllerg < Ce - lullco)-
Hence (2.15) defines a bounded linear map
Ki:CURQE") - CHQ,EY
forall k > 0.

Lemma 2.4.8. Let Q@ CC Q' be causal. Suppose Q is so small that
vol(Q) - [K+llco@xa) < 1- (2.17)

Then 3 3
id + Ki: CHQ, E*) > CHQ, EY)
is an isomorphism with bounded inverse for all k = 0,1,2,.... The inverse is given

by the series
o0

(d+ Ke) ™ =) (—Kx)

Jj=0

which converges in all C*-operator norms. The operator (id + KX4)™ ' o X4 has a
smooth integral kernel with future-stretched support (with respect to Q). The operator
(id + X_)~! o K_ has a smooth integral kernel with past-stretched support (with
respect to Q).
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Proof. The operator K is bounded as an operator C O(S_Z,_E *) — CK(Q, E*). Thus
id + K+ defines a bounded operator C¥(Q, E*) — Ck(Q, E*) for all k. Now

||=Kiu||00(§) < vol(Q) - ||Ki||c0(§z><(2) : ||”||c0(§)

=1-n- ||U||c0(s_z)

where 7 := 1 — vol(Q) - [ K+llco@xgy > 0. Hence the C°-operator norm of K is
less than 1 so that the Neumann series Z;ozo(—JC +)’ converges in the C°-operator

norm and gives the inverse of id + K+ on C%(Q, E ).
Next we replace the C*-norm | - llck @) on Ck(Q, E*) as defined in (1.1) by the
equivalent norm

n

llullcx gy = llullcog) + = lullcr -
@ @7 2vol(@)[Kxlcrgngy + 17 ¢ @
Then
|||=Ki”|||ck(§)
n
= | K+ulcog) + = | K+ullcxg
@ T 2vol(@) K< llcr @y + 1 @

n
2vol(Q) | K+l cx@xgy + 1

n n
< (1 —E)Hullco@) =< (1 - §)|||u|||ck(s_2)‘

This shows that with respect to [[| - [[| cx (g, the C k_operator norm of K is less than 1.

<({-n)- ||u||c0(g_z) + VO](Q)”Kﬂ:||ck(g‘zxs_z)||u||c0(g‘z)

Thus the Neumann series Z;’io(—ﬂi)j converges in all C*-operator norms and

id + K4 is an isomorphism with bounded inverse on all C k(Q, E™).
For j > 1 the integral kernel of (K1)’ is given by

K (x,y) ::fﬁ.../s_zKi(x,zl)Ki(zl,zz)...Ki(zj_l,y)dV(zl)...dV(z_/_l).

Thus supp(K(ij)) C {(x,y) eQxQlye Jf(x)} and
, _ s
1K ek @y < 1K 02k @) - VO ™ 1K £l ors
=< 82 vol(§2) - ”K:I:”ék(ﬁxg_z)

where § := vol(Q) - | K+llco@xgy < 1. Hence the series

ot .
2K
j=1
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converges in all CK(Q x Q, E* ® E). Since this series yields the integral kernel of
(id+K+)~! o K it is smooth and its support is contained in {(x, Y)EQXQ|y e

JE)}. O
Corollary 2.4.9. Ler Q CC Q' be as in Lemma 2.4.8. Then for each u € C°(Q, E)

supp((id + Ki)tu) J;S:Z (supp(n)).
Proof. We observe that
(d+ Ko) tu =u—(G{d+ K1) ' Kiu.

Now supp(u) C Jf;z(supp(u)) and supp((id + K1) 1 K1u) C Jf;z (supp(u)) by the
properties of the integral kernel of (id + K+) ' K. |

Fix ¢ € D(R, E*). Then x +— J:x;i(x)[w] defines a smooth section in E* over Q
with support contained in Jg(supp(q))) nNQ = Jsz (supp(¢)). Hence

F2()g] = (id + K2) U (R ()[e]) (2.18)
defines a smooth section in E™* with
supp(F£(+)[e]) € J2(supp(R+()[g]) € J2 (I (supp(@))) = J 2 (supp(e)).
(2.19)

Lemma 2.4.10. Foreachx € Qthemap D(Q2, E*) — E}, ¢ — Ff ()[e), is an ad-
vanced fundamental solution at x on Q and ¢ — F$(x)[¢] is a retarded fundamental
solution at x on Q2.

Proof. We first check that ¢ > F’ £(x)[p] defines a distribution for any fixed x € .
Let ¢ — ¢ in D(Q, E*). Then ¢m — ¢ in C"H(Q E*) and by the last p01nt
of Proposition 2.4.6 R Veom] — {Ri( )] in C%(Q, E*). Since (id + Ke)ti

bounded on C° we have FQ( Vom] = FQ( )[g]in C°. In particular, F ) [om] —

FE(x)[e].
Next we check that Ff (x) are fundamental solutions. We compute
Py FE()lgl = FE(-)[P*¢]
= (id + K1) (Rx(-)[P*¢))
= (id + K+) "' (Poy R+ (-)[¢])
2. 11
2D (id + Ko) M@ + Kap)
Thus for fixed x € 2,
PFZ(x)[g] = ¢(x) = bx[g].

Finally, to see that supp(FjE2 (x)) C Jf (x)letp € D(2, E*) such that supp(¢) N
Jf (x) = 0. Then x ¢ JEFZ (supp(¢)) and thus Fiz (x)[¢] = 0 by (2.19). O



2.5. THE FORMAL FUNDAMENTAL SOLUTION IS ASYMPTOTIC 57

We summarize the results of this section.

Proposition 2.4.11. Let M be a time-oriented Lorentzian manifold. Let P be a nor-
mally hyperbolic operator acting on sections in a vector bundle E over M. Let
Q CC M be a relatively compact causal domain. Suppose that Q2 is sufficiently
small in the sense that (2.17) holds.

Then for each x € Q2

(1) the distributions Ff (x) and F(x) defined in (2.18) are fundamental solutions
for P at x over €,

(2) supp(F(x)) C JE(x),

(3) for each ¢ € D(Q, E*) the maps x’ +— Ff (x")[¢] are smooth sections in E*
over Q. O

Corollary 2.4.12. Let M be a time-oriented Lorentzian manifold. Let P be a normally
hyperbolic operator acting on sections in a vector bundle E over M.

Then each point in M possesses an arbitrarily small causal neighborhood 2 such
that for each x € 2 there exist fundamental solutions Fiz (x) for P over Q at x. They
satisfy

(1) supp(F£(x)) € J£(x),
(2) foreach ¢ € D(L, E*) the maps x +—> Ff (x)[¢] are smooth sections in E*.0

2.5 The formal fundamental solution is asymptotic

Let M be atime-oriented Lorentzian manifold. Let P be anormally hyperbolic operator
acting on sections in a vector bundle E over M. Let Q' C M be a convex domain
and let Q C Q' be a relatively compact causal domain with Q C Q’. We assume that
€2 is so small that Corollary 2.4.12 applies. Using Riesz distributions and Hadamard
coefficients we have constructed the formal fundamental solutions at x € €2

Re(x) =Y Vi(x.-) RE 2 +2j.x),
j=0

the approximate fundamental solutions

N-1 00
Re(x) =Y Vi(x. ) REQ@+2j.x)+ Y o(T(x.-)/e))Vj(x.-) RE 2 +2]. %),
j=0 Jj=N

where N > 7 is fixed, and the true fundamental solutions Ff (x),

FE()g] = (id + Ka) " (Re ()0

The purpose of this section is to show that, in a suitable sense, the formal fundamental
solution is an asymptotic expansion of the true fundamental solution. For k& > 0 we
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define the truncated formal fundamental solution

N—-1+k
RYF ()= ) Vilx, ) RE 242/, ).
j=0

Hence we cut the formal fundamental solution at the (N + k)-th term. The trun-
cated formal fundamental solution is a well-defined distribution on £’, ﬂ%i +k (x) €
D'(Q', E, E}). We will show that the true fundamental solution coincides with the
truncated formal fundamental solution up to an error term which is very regular along
the light cone. The larger k is, the more regular is the error term.

Proposition 2.5.1. For every k € N and every x € Q the difference of distributions
Fiz (x) — JRZ'H‘(X) is a C*-section in E. In fact,
(x.y) = (FE0) = R 0)) ()

is of regularity C* on Q x Q.
Proof. We write

(F£(x) = R (0))(p) = (FE£ () = R () () + (R (x) — RET*(0)) ()
and we show that (R4 (x) — RY % (x))(y) and (F£(x) — R+ (x))(y) are both C¥ in
(x,y). Now

N+k—-1

(Re(x) = RYTFW))) = D (0(C(x.9)/g) = 1)Vj(x.9) RE 2+ 2j.x)(»)
j=N

+ Y o(T(x, »)/e)Vi(x, ) RE @+ 2/, %)(p).
j=N+k

From Lemma 2.4.2 we know that the infinite part

@) Y (T 0)/e)V;(x,y) RE 2+ 2/, x)(y)
j=N+k
is C*. The finite part
N+k—1 ,
@) Y (0T, )/e) = 1) Vi(x, ) RE @+ 2/, )()

J=N

is actually smooth since o(T"/¢;) — 1 vanishes on a neighborhood of '~ (0) which is
precisely the locus where (x, y) — Rg(Z + 2j,x)(y) is nonsmooth. Furthermore,

F2()p] — R ()lp] = ((d + Kx)™" —id) (R (-)[p])
= —((id + K2) ™' o K ) (Re (o))
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By Lemma 2.4.8 the operator — ((id +Xi) o JCi) has a smooth integral kernel
L (x,y) whose support is future or past-stretched respectively. Hence

F2(x)[p] — Re(x)[o]
_ /Q Li(x. p)Re(0)e] dV(y)

N—
-y /Q L. )Vi(r.) R 2 + 2/, p)g) dV(y)
j=

N+k-1

+ Y / La(x, )0 (T, ) /e)Vi (v, ) RE @+ 2/, )[p] dV(y)
j=N

+ / Li(x.y) f(3.2)0(z) dV(z) AV ()
QxQ

where f(3.2) = Y02y 0(C(n2)/e)Vi(v.2) RE 2 + 2/, 1)) is C* by
Lemma 2.4.2. Thus (x,z) — [gL+(x,y)f(y,z)dV(y)is a Ck-section. Write
Vi(y.z) :=Vj(y.2)if j = N —land V;(y.z) := o (I'(y.2)/¢j)Vj(y. 2) if j = N.
It follows from Lemma 1.4.4

| L2000 RE @+ 2/ 0l V)
= [ R Q42 > L) 21V 0)
= [ R @+ 200 = La )T 0.0 V)
= [Q RE (2 +2/.2)[y = L(x.»)V;(y.2)le(z) dV(z)
= [ Weaeeave

where W;(x,z) = R%’(2 + 27, 2)y — Li(x,y)Vj(y,z)] is smooth in (x,z) by
Proposition 1.4.2 (11). Hence

N+k—-1

(FE@) - Re@)@) = Y Wilx.2) + /Q Li(x.y)f(7.2)dV(y)

j=0
is C¥ in (x, 2). O

The following theorem tells us that the formal fundamental solutions are asymptotic
expansions of the true fundamental solutions near the light cone.

Theorem 2.5.2. Let M be a time-oriented Lorentzian manifold. Let P be a normally
hyperbolic operator acting on sections in avector bundle E. Let Q@ C M be a relatively
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compact causal domain and let x € Q. Let F iz denote the fundamental solutions of P

at x and 521 +k (x) the truncated formal fundamental solutions.
Then for each k € N there exists a constant Cy, such that

[(F£0) = R @) 0] < Ce- TG, »IF
forall (x,y) € 2 x Q.

Here || - || denotes an auxiliary norm on £* X E. The proof requires some prepa-
ration.

Lemma 2.5.3. Let M be a smooth manifold. Let Hi, Hy C M be two smooth hy-
persurfaces globally defined by the equations ¢1 = 0 and ¢, = 0 respectively, where
01, 02: M — R are smooth functions on M satisfying d.p; # 0 for every x € Hj,
i = 1,2. We assume that Hy and H intersect transversally.

Let f: M — R bea Ck-ﬁmction on M, k € N. Let k1,k, € N such that
k1+ko < k. We assume that f vanishes to order k; along H;, i.e., in local coordinates
agjc‘of (x) = 0 for every x € H; and every multi-index o with || < k; — 1.

Then there exists a continuous function F: M — R such that

k1 k
f=o'e,’F.

Proof of Lemma 2.5.3. We first prove the existence of a C¥—%1_function F;: M — R
such that

k
f =9 Fy.
This is equivalent to saying that the function f/ (pf‘ being well defined and C¥ on

M \ H; extends to a C¥~%1_function F; on M. Since it suffices to prove this locally,
we introduce local coordinates x! n 1. Hence in this local

,...,x" so that ¢;(x) = x
chart H; = {x! = 0}.
Since £(0,x2,...,x") = a(xl)/ (0,x2,...,x") = 0 for any (x2,...,x") and
j < ki — 1 we obtain from the Taylor expansion of f in the x!-direction to the order
k1 — 1 with integral remainder term

1

" X (xl—[)k‘_l ak]f ) "
fix!, x? )—/0 =Dl aaha (t,x°,...,x")d:t.

In particular, for x! # 0

f(xl,xz,...,x”)

! ki1
X 1 Xl—l 1 Bklf
— (y)ki—1 kS R "
(x ) /(; (kl—l)'( x! ) B(xl)kl (t»x s, X ) t

.Xl k]—l 1 B akl
:ﬁ/ (l—u)k1 IXI(‘)( I)JZCI(XIU,XZ,-..,X")du

1\kq 1
_ (kl—)l)l/ (1 —u)k1= 18( 1){{1 (x'u,x?, ..., xM)du.
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. 1 -1 9k .
Now Fi(x!,... x") = mfo (1 —u)k la(x]l)él (x u,x2,...,x")du yields a
k]f

C*=k1 _function because Nl is C*¥=%1_ Moreover, we have

f — (xl)kl . Fl — (pkl . Fl-

On M \ H; we have F; = f/(pf‘ and so F; vanishes to the order k; on H, \ H;
because f does. Since H; and H, intersect transversally the subset H, \ H is dense
in H,. Therefore the function F; vanishes to the order k, on all of H,. Applying
the considerations above to F yields a C¥~%1=%2_function F: M — R such that

F, = (pfz - F. This concludes the proof. |

Lemma 2.54. Let f: R" — R a C3**_function. We equip R" with its standard
Minkowski product (-, -) and we assume that f vanishes on all spacelike vectors.
Then there exists a continuous function h: R* — R such that

f=h-y*
where y(x) = —(x, x).

Proof of Lemma 2.5.4. The problem here is that the hypersurface {y = 0} is the light
cone which contains 0 as a singular point so that Lemma 2.5.3 does not apply directly.
We will get around this difficulty by resolving the singularity.

Letm: M :=R x S*~! — R” be the map defined by 7 (¢, x) := ¢x. It is smooth
on M = R x $"! and outside 71 ({0}) = {0} x S" it is a two-fold covering of
R” \ {0}. The function f := fox: M — R is C3**1 since f is.

Consider the following functions: y: M — R, (¢, x) := y(x),and 7, : M — R,
m1(#, x) 1= t. These functions are smooth and have only regular points on M. For
¥ this follows from d,y # 0 for every x € S”~!. Therefore C (0) := 7~ ({0}) and
{0} x S"! = 71({0}) are smooth embedded hypersurfaces. Since the differen-
tials of ¥ and of m; are linearly independent the hypersurfaces intersect transversally.
Furthermore, one obviously has n(é (0)) = C(0) and ({0} x S"~1) = {0}.

Since f is C3k*1 and vanishes on all spacelike vectors f vanishes to the order
3k + 2 along C(0) (and in particular at 0). Hence f vanishes to the order 3k + 2 along
C (0) and along {0} x S"~!. Applying Lemma 2.5.3 to f, @1 := mq and @, = ¥, with
k1 := 2k + 1 and k, := k, yields a continuous function F: R xS" ! - R such that

f=nXtl. gk F (2.20)

For y € R" we set

_ vl Edyll p ity #0

h :
W=7 ify =0,
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where || - || is the standard Euclidean norm on R”. The function % is obviously contin-
uous on R”. It remains to show f = y¥ - h. For y € R" \ {0} we have

fo)=f (||y|| ' ﬁ)

Y
‘f(”y”’ ||y||)

k
2.20) y ~ Yy
2 ||y||2"+1-y(—) -F(uyu,—)
v B

k
= Iyl -y (L) ()
il

=y(* - h(y).
For y = 0 the equation f(y) = y(»)* - h(y) holds trivially. |

Proof of Theorem 2.5.2. Repeatedly using Proposition 1.4.2 (3) we find constants C ]’
such that

(F2(x) — RYT* () ()

N+3k
= (F2x) = RYPHT@0)0) + D Vilx.y) - RE Q@ +2j.x)(y)
j=N+k
= (F&(x) = RYT*1(x0) ()
N+3k )
+ Y Vi) €T p)* REQ@+2( — k). x)(y).
J=N+k

Now hj;(x,y) := ij - Vi(x,y) - Rg/(2 + 2(j — k),x)(y) is continuous since
2+2(j—k) = 242N > 2+ n > n. By Proposition 2.5.1 the section
(x,y) — (Fi2 (x) — RinH(x)) (») is of regularity C3**1. Moreover, we know
supp(Ff(x)—fRin“(x)) C Jf(x). Hence we may apply Lemma 2.5.4 in normal
coordinates and we obtain a continuous section / such that

(F2(x) — RYT*1(x0))(v) = T(x, ) - h(x, y).

This shows
N+3k
(F@) = RYF@) ) = (he) + Y b)) T )k,
j=N+k

Now Ci := ||h + Zj"jj\?ﬁk hjllcogxgy does the job. O
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Remark 2.5.5. It is interesting to compare Theorem 2.5.2 to a similar situation arising
in the world of Riemannian manifolds. If M is an n-dimensional compact Riemannian
manifold, then the operators analogous to normally hyperbolic operators on Lorentzian
manifolds are the Laplace type operators. They are defined formally just like normally
hyperbolic operators, namely their principal symbol must be given by the metric. An-
alytically however, they behave very differently because they are elliptic.

If L is a nonnegative formally selfadjoint Laplace type operator on M, then it is

—tL

essentially selfadjoint and one can form the semi-group ¢ > e where L is the

selfadjoint extension of L. For ¢ > 0 the operator e~*L has a smooth integral kernel
K:(x,y). One can show that there is an asymptotic expansion of this “heat kernel”

1 o0
Kt(X,X) ~ W Zak(x)[k
k=0

ast N\ 0. The coefficients oz (x) are given by a universal expression in the coefficients
of L and their covariant derivatives and the curvature of M and its covariant derivatives.
Even though this asymptotic expansion is very different in nature from the one in
Theorem 2.5.2, it turns out that the Hadamard coefficients on the diagonal V% (x, x) of
a normally hyperbolic operator P on an n-dimensional Lorentzian manifold are given
by the same universal expression in the coefficients of P and their covariant derivatives
and the curvature of M and its covariant derivatives as oz (x). This is due to the fact that
the recursive relations defining o are formally the same as the transport equations (2.3)
for P. See e.g. [Berline—Getzler—Vergne1992] for details on Laplace type operators.

2.6 Solving the inhomogeneous equation on small domains

In the next chapter we will show uniqueness of the fundamental solutions. For this we
need to be able to solve the inhomogeneous equation Pu = v for given v with small
support. Let 2 be a relatively compact causal subset of M as in Corollary 2.4.12. Let
Ff (x) be the corresponding fundamental solutions for P at x € Q over 2. Recall
that for o € D(R, E*) the maps x — F f (x)[¢] are smooth sections in £*. Using the
natural pairing £ @ Ex — K, { ® e — { - e, we obtain a smooth K-valued function
X Ff (0)[¢] - v(x) with compact support. We put

uslgli= [ FR@I0) 000 V), 221)

This defines distributions u4+ € fO’_(Q, E) because if ¢, — ¢ in D(Q, E™),
then F(-)[pm] — F2(-)[g] in C°(Q, E*) by Lemma 2.4.4 and (2.18). Hence
Ut lom] = uxlep].

Lemma 2.6.1. The distributions u+ defined in (2.21) satisfy

Puy =v and supp(us) C Jf(supp(v)).
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Proof. Let ¢ € D(2, E*). We compute
Puxp] = us[P¢]

- /9 FE(0)[P*] - v(x) dV(x)
_ /Q Py FE()[p] - v(x) dV (x)
_ [9 0(x) - v(x) AV (x).

Thus Puy = v. Now assume supp(¢) N Jf(supp(v)) = (. Then supp(v) N
J% (supp(p)) = 0. Since Jg (supp(¢)) contains the support of x > Ff(x)[(p]
we have supp(v) N supp(Ff(-)[qa]) = ). Hence the integrand in (2.21) vanishes
identically and therefore v [¢] = 0. This proves supp(u+) C Jiz (supp(v)). |

Lemma 2.6.2. Let 2 be causal and contained in a convex domain Q'. Let S1, 8, C Q
be compact subsets. Let V € C®(Q x Q,E* R E). Let ® € C""1(Q,E*) and
W e C"(Q, E) be such that supp(®) C J2(S1) and supp(¥) C JE(S>).

Then forall j >0

[ (V0 RE @427 0) (@] () 0V )
= [ @00+ (VBT @+ 273 [W1 4V,
Proof. Since supp(Rg(Z + 2j,x)) N supp(P) C Jiz (x)nN Jg (S7) is compact (see
LemmaA.5.7) and since the distribution Rﬁ/ (242, x) isof order < n+1 we may apply
V(x, -)Ri/(2+2j, x) to ®. By Proposition 1.4.2 (12) the section x — V(x, - )Rg(Z—l—
2j, x)[®] is continuous. Moreover, supp(x — V(x, ~)R$(2+2j, x)[®]) Nsupp(¥) C
J% (supp(®)) N Jiz (S2) C J% SN Jiz (S>) is also compact and contained in 2.
Hence the integrand of the left-hand side is a compactly supported continuous function

and the integral is well defined. Similarly, the integral on the right-hand side is well
defined. By Lemma 1.4.3

[9 (V. )RE 2 +2/.2))[®] - W(x) dV(x)
= [ RE 42700y = V() 0] ) V)
= /Q RE Q2 +2j,x)y = @)V (x, y)¥(x)]dV(x)
- /Q RE @ +2),y)lx = )V (x, »)¥(x)]dV(y)

- /Q B() - (V(-.»)REQ + 2j. y)[¥]) V(). =
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Lemma 2.6.3. Let 2 C M be a relatively compact causal domain satisfying (2.17) in

Lemma 2.4.8.

Then the distributions uy defined in (2.21) are smooth sections in E, i.e., u1 €
C>®(Q,E).

Proof. Let ¢ € D(Q, E*). Put S := supp(p). Let Ly € C®(Q x Q, E* K E) be
the integral kernel of (id + K1)~ ! o K. We recall from (2.18)

F2()[p] = (d+ K1) HRL()p]) = R ()g] — (id + Kp) KL (Ra (+)g)).

Therefore
uslol = [ FEO]-000) V()
Q
- [ Re ()l - v(x) AV (x) — / / Li(y.x) Ra()lg]- v(y) dV(x) dV(y)
Q QJIQ
- [Q Re(0le] - w(x)dV(x)
where w(x) 1= v(x) — [ v(y) - L+(y,x)dV(y) € Ex. OPviously, we C®(Q,E).

By Lemma 2.4.8 supp(L+) C {(y.x) € Q x Q|x € Jf(y)}. Hence supp(w) C
J f (supp(v)). We may therefore apply Lemma 2.6.2 with ® = ¢ and ¥ = w to obtain

/Q Vi )RS (2427, 1)l lw(x) dV(x) = /Q oV (- y)RE 242/, »)w] dV(y)

[Q o (T(x,)/en)Vi (e YRE @ + 2/, 0[] - w(x) dV ()
- [Q 0T /eNVi (- )RE @ + 2/, ) w] V()

for j > N. Note that the contribution of the zero set d€2 in the above integrals vanishes,
hence we integrate over €2 instead of 2. Summation over j yields

uslp] = /Q Re()lg] - w(x) V()

N-1
= [ oW DR Q27 ]V
Jj=0

+ 30 [ oo /e RE @+ 27 )] V).
j=N
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Thus
N-1 ,
uz() = Y (Vi WRE @ +2).7)) [w]
j=0

+ 7 (o C/enV; . RE @ +2),3)) [wl.
j=N

Proposition 1.4.2 (11) shows that all summands are smooth in y. By the choice of
the ¢, the series converges in all C¥-norms. Hence u 4 is smooth. O

We summarize

Theorem 2.6.4. Let M be a time-oriented Lorentzian manifold. Let P be a normally
hyperbolic operator acting on sections in a vector bundle E over M.
Then each point in M possesses a relatively compact causal neighborhood Q2 such
that for each v € D(2, E) there exist uy € C*(2, E) satisfying
(1) [qex) us(x)dV = [o F2(x)[p] - v(x)dV for each ¢ € D(Q, E*),
(2) Pug =v,
(3) supp(u=) C J£(supp(v)). O



3 The global theory

In the previous chapter we developed the local theory. We proved existence of advanced
and retarded fundamental solutions on small domains €2 in the Lorentzian manifold.
The restriction to small domains arises from two facts. Firstly, Riesz distributions
and Hadamard coefficients are defined only in domains on which the Riemannian
exponential map is a diffeomorphism. Secondly, the analysis in Section 2.4 that allows
us to turn the approximate fundamental solution into a true one requires sufficiently
good bounds on various functions defined on 2. Consequently, our ability to solve the
wave equation as in Theorem 2.6.4 is so far also restricted to small domains.

In this chapter we will use these local results to understand solutions to a wave
equation defined on the whole Lorentzian manifold. To obtain a reasonable theory we
have to make geometric assumptions on the manifold. In most cases we will assume
that the manifold is globally hyperbolic. This is the class of manifolds where we get a
very complete understanding of wave equations.

However, in some cases we get global results for more general manifolds. We start
by showing uniqueness of fundamental solutions with a suitable condition on their
support. The geometric assumptions needed here are weaker than global hyperbolicity.
In particular, on globally hyperbolic manifolds we get uniqueness of advanced and
retarded fundamental solutions.

Then we show that the Cauchy problem is well-posed on a globally hyperbolic
manifold. This means that one can uniquely solve Pu = f,u|s = ugand Vyau = u;
where f, ug and u; are smooth and compactly supported, S is a Cauchy hypersurface
and Vy, is the covariant normal derivative along S. The solution depends continuously
on the given data f', ug and u;. It is unclear how one could set up a Cauchy problem
on a non-globally hyperbolic manifold because one needs a Cauchy hypersurface S to
impose the initial conditions u|s = ug and Vyau = u;.

Once existence of solutions to the Cauchy problem is established it is not hard to
show existence of fundamental solutions and of Green’s operators. In the last section we
show how one can get fundamental solutions to some operators on certain non-globally
hyperbolic manifolds like anti-deSitter spacetime.

3.1 Uniqueness of the fundamental solution

The first global result is uniqueness of solutions to the wave equation with future or
past compact support. For this to be true the manifold must have certain geometric
properties. Recall from Definition 1.3.14 and Proposition 1.3.15 the definition and
properties of the time-separation function r. The relation “<” being closed means
that p; < gq;, pi = p,and g; — g imply p < gq.

Theorem 3.1.1. Let M be a connected time-oriented Lorentzian manifold such that

(1) the causality condition holds, i.e., there are no causal loops,

(2) the relation “<” is closed,
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(3) the time separation function Tt is finite and continuous on M x M.

Let P be a normally hyperbolic operator acting on sections in a vector bundle E
over M.

Then any distribution u € D’(M, E) with past or future compact support solving
the equation Pu = 0 must vanish identically on M,

u=0.

The idea of the proof is very simple. We would like to argue as follows: We want
to show u[p] = 0 for all test sections ¢ € D(M, E*). Without loss of generality let ¢
be a test section whose support is contained in a sufficiently small open subset 2 C M
to which Theorem 2.6.4 can be applied. Solve P*y = ¢ in Q2. Compute

— Pyl 2 —
ulpl =ulP Y] = _Pu_[y]=0.
=0
The problem is that equation (*) is not justified because ¥ does not have compact

support. The argument can be rectified in case supp(u) N supp(y) is compact. The
geometric considerations in the proof have the purpose of getting to this situation.

Proof of Theorem 3.1.1. Without loss of generality let A := supp(u) be future compact.
We will show that A4 is empty. Assume the contrary and consider some x € A. We fix
some y € IM(x). Then the intersection A N J fr"’ (y) is compact and nonempty.

M

Z,
2

%

Figure 14. Uniqueness of fundamental solution; construction of y.

Since the function M — R, z — t(y, z), is continuous it attains its maximum on
the compact set A N Jfr”(y) at some pointz € AN Jfr"’(y). Theset B:= AN Jfr‘”(z)
is compact and contains z. Forall z’ € B we have t(y, z') > t(y, z) from (1.10) since
z' > z and hence ©(y,z’) = t(y, z) by maximality of T(y, z).
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The relation “<” turns B into an ordered set. That z; < z, and z < z; implies
zp = z follows from nonexistence of causal loops. We check that Zorn’s lemma
can be applied to B. Let B’ be a totally ordered subset of B. Choose' a countable
dense subset B” C B’. Then B” is totally ordered as well and can be written as
B" = {t1,05,85,...}. Let z; be the largest element in {¢;...,¢;}. This yields a
monotonically increasing sequence (z;); which eventually becomes at least as large as
any given ¢ € B”.

By compactness of B a subsequence of (z;); converges to some z' € B asi — oo.
Since the relation “<” is closed one easily sees that z’ is an upper bound for B”. Since
B” C B’ is dense and “<” is closed z’ is also an upper bound for B’. Hence Zorn’s
lemma applies and yields a maximal element zo € B. Replacing z by zp we may
therefore assume that t(y, - ) attains its maximum at z and that A N J f’ (z) ={z}.

Figure 15. Uniqueness of fundamental solution; construction of z.

We fix arelatively compact causal neighborhood 2 CC M of z asin Theorem 2.6.4.
(see Figure 16).

Let p; € QN IM(z) N 1Y (y) such that p; — z. We claim that for i sufficiently
large we have J f (pi)NA C Q. Suppose the contrary. Then there is for each i a point
qi € JM(pi) N A such that ¢; & Q. Since g; € JM(y) N Aforalli and JM(y)n A
is compact we have, after passing to a subsequence, that ¢; — g € J ﬂl (y) N A.
From q; > p;i, qi — q, pi — z, and the fact that “<” is closed we conclude ¢ > z.
Thus g € Jﬁ”(z) N A, hence ¢ = z. On the other hand, ¢ & Q since all ¢; & 2, a
contradiction.

"Every (infinite) subset of a manifold has a countable dense subset. This follows from existence of a
countable basis of the topology.
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s

Figure 16. Uniqueness of fundamental solution; sequence { p; }; converging to z.

ey
K

Figure 17. Uniqueness of fundamental solution; J _ﬂ” (piyNAcCQfori > 0.

This shows that we can fix i sufficiently large so that J f (pi)NA C Q. We choose
a cut-off function n € D (2, R) such that 77|Jf(p;)ﬂA =1 WeputQ:=Qn If(pi)

and note that € is an open neighborhood of z.
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§K

M

Figure 18. Uniqueness of fundamental solution; construction of the neighborhood Qofz.

Now we consider some arbitrary ¢ € D (2, E*). We will show that u[g] = 0. This
then proves that u|g = 0, in particular, z ¢ A = supp(u), the desired contradiction.

By the choice of  we can solve the inhomogeneous equation P*y¥ = ¢ on
Q with ¢y € C*®(Q, E*) and supp(y) C Jf(supp((p)) C Jf(pi) N Q. Then
Supp(”) N Supp(l/f) CAN J-ﬁl (Pi) N2 =A4nN J-ﬁl (Pi)- Hence 77|supp(u)ﬂsupp(1p) =1
Thus

ule] = u[P*y] = u[P*(ny)] = (Pu)[ny] = 0. u

Corollary 3.1.2. Let M be a connected time-oriented Lorentzian manifold such that

(1) the causality condition holds, i.e., there are no causal loops,
(2) the relation “<” is closed,

(3) the time separation function t is finite and continuous on M x M.

Let P be a normally hyperbolic operator acting on sections in a vector bundle E
over M.

Then for every x € M there exists at most one fundamental solution for P at x
with past compact support and at most one with future compact support. |

Remark 3.1.3. The requirement in Theorem 3.1.1 and Corollary 3.1.2 that u have
future or past compact support is crucial. For example, on Minkowski space u =
R (2) — R_(2) is a nontrivial solution to Pu = 0 despite the fact that Minkowski
space satisfies the geometric assumptions on M in Theorem 3.1.1 and in Corollary 3.1.2.

These assumptions on M hold for convex Lorentzian manifolds and for globally
hyperbolic manifolds. On a globally hyperbolic manifold the sets J f (x) are always
future respectively past compact. Hence we have
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Corollary 3.1.4. Let M be a globally hyperbolic Lorentzian manifold. Let P be a
normally hyperbolic operator acting on sections in a vector bundle E over M .

Then for every x € M there exists at most one advanced and at most one retarded
fundamental solution for P at x. O

Remark 3.1.5. In convex Lorentzian manifolds uniqueness of advanced and retarded
fundamental solutions need not hold. For example, if M is a convex open subset
of Minkowski space R” such that there exist points x € M and y € R” \ M with
JE" (y)nM C Jf[ (x), then the restrictions to M of R4 (x) and of Ry (x)+ R4 (y) are
two different advanced fundamental solutions for P = [0 at x on M. Corollary 3.1.2
does not apply because J fr” (x) is not past compact.

Figure 19. Advanced fundamental solution at x is not unique on M.

3.2 The Cauchy problem

The aim of this section is to show that the Cauchy problem on a globally hyperbolic
manifold M is well-posed. This means that given a normally hyperbolic operator P
and a Cauchy hypersurface S C M the problem

Pu=f onM,
u =ugy alongsS,

Vau = u; along S,

has a unique solution for given ug,u; € D(S, E) and f € D(M, E). Moreover, the
solution depends continuously on the data.

We will also see that the support of the solution is contained in J™ (K) where
K := supp(up) U supp(u1) U supp(f). This is known as finiteness of propagation
speed.
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We start by identifying the divergence term that appears when one compares the
operator P with its formal adjoint P*. This yields a local formula allowing us to
control a solution of Pu = 0 in terms of its Cauchy data. These local considerations
already suffice to establish uniqueness of solutions to the Cauchy problem on general
globally hyperbolic manifolds.

Existence of solutions is first shown locally. After some technical preparation we
put these local solutions together to a global one on a globally hyperbolic manifold. This
is where the crucial passage from the local to the global theory takes place. Continuous
dependence of the solutions on the data is an easy consequence of the open mapping
theorem from functional analysis.

Lemma 3.2.1. Let E be a vector bundle over the time-oriented Lorentzian mani-
fold M. Let P be a normally hyperbolic operator acting on sections in E. Let V be
the P-compatible connection on E.
Then for every y € C®°(M, E*) and v € C*(M, E),
Y- (Pv) — (P*y) - v = div(W),
where the vector field W € C°(M,TM ®r K) is characterized by
(W.X) = (Vxy)-v—v-(Vxv)
forall X e C*(M,TM).

Here we have, as before, K = R if E is a real vector bundle and K = C if E is
complex.

Proof. The Levi-Civita connection on TM and the P-compatible connection V on E
induce connections on T*M ® E and on T*M ® E* which we also denote by V
for simplicity. We define a linear differential operator L: C®°(M,T*M ® E*) —
C>® (M, E*) of first order by

Ls = — Zsj (Ve 5)(e))

j=1
where eq, ..., e, is alocal Lorentz orthonormal frame of 7M and ¢; = (e;,¢;). Itis
easily checked that this definition does not depend on the choice of orthonormal frame.
Write e, ..., e, for the dual frame of 7* M. The metric (-,-) on TM and the natural

pairing E*QE — K, ¥ ®v +> ¥-v, induce apairing (T*M QE*)Q(T*MQE) — K
which we again denote by (-, -). Forallyy € C*®(M, E*)ands € C*°(M, T*M QE)
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we obtain

(Vo.s) = Y (ef @ Ve, ¥, e} @ s(er))

J 1

(ef . ex) - (Ve ¥) - s(ex)

'TM= ]TM=

~
—_

Il
M=

ej(Ve, ) - s(ej)

1

~.
Il

e (3o, (W - 5(e;)) =¥ - (Ve,5)(e) — ¥ - 5(Ve, /)

Il
.M=

1

~
Il

=Y (Ls)+ Y & (3e; (¥ -5(e)) =¥ -5 (Ve e))) - 3.0)

Jj=1

Let V7 be the unique K-valued vector field characterized by (V1, X) = ¢ - s(X) for
every X € C*®°(M,TM). Then

n
div(Vh) = Y _ej(Ve, Vi, )
j—l

= Zsj ej - (", vej ej))

=3 (0 s = - 5(Vey ).

i=1
Plugging this into (3.1) yields
(Vi,s) = - Ls + div(Vy).
In particular, if v € C®°(M, E) we getfors := Vv € C®°(M, T*M Q E)
(Vyr, Vo) = ¢ - LVv 4+ div(Vy) = ¢ - OV + div(V)),

hence
v -0V = (Vy, Vo) — div(V;) (3.2)

where (V1, X) = ¢ - Vxv forall X € C*°(M,TM). Similarly, we obtain
@Vy) v = (VY. Vv) — div(Va)

where V, is the vector field characterized by (V>, X) = (Vxy) - v for all X €
C%(M,TM). Thus

v -0V = @Vy) - v —div(Vy) + div(Va) = (OVy) - v + div(W)
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where W = V, — Vj. Since V is the P-compatible connection on £ we have P =
0OV + B for some B € C°°(M,End(E)), see Lemma 1.5.5. Thus

Y-Po=y -0+ y-Bv=(D0"y) v+div(W)+ (B*Y)-v.

If ¥ or v has compact support, then we can integrate ¥ - Pv and the divergence term
vanishes. Therefore

/w-PvdV:/ ((@Vy) v+ (B*y)-v) dV.
M M

Thus OV + B*y = P*y and ¢ - Pv = P*y - v + div(W) as claimed. O

Lemma 3.2.2. Let E be a vector bundle over a time-oriented Lorentzian manifold
M and let P be a normally hyperbolic operator acting on sections in E. Let V be
the P-compatible connection on E. Let Q2 C M be a relatively compact causal
domain satisfying the conditions of Lemma 2.4.8. Let S be a smooth spacelike Cauchy
hypersurface in Q2. Denote by n the future directed (timelike) unit normal vector field
along S.

For every x € Q let Ff (x) be the fundamental solution for P* at x with support
in Jiz (x) constructed in Proposition 2.4.11.

Letu € C*®°(2, E) be a solution of Pu = 0 on Q. Setug := u|y anduy := Vyu.

Then for every ¢ € D(Q2, E™),

[o-uav= [ (utF2eD)-uo = (#2igD) 1) aa,
where F[p] € C®(Q2, E*) is defined as a distribution by

(F2lp)w] = /Q () - (F2(0)[w] — F2(0)[w]) dV(x)

foreveryw € D(Q, E).

Proof. Fix ¢ € D(R,E*). We consider the distribution v defined by ¥ [w] =

Jo o(x) - Ff (x)[w] dV for every w € D(2, E). By Theorem 2.6.4 we know that

Y € C®(Q2, E™), has its support contained in Jf (supp(@)) and satisfies P*y = ¢.
Let W be the vector field from Lemma 3.2.1 with u instead of v. Since by Corol-

lary A.5.4 the subset Jf (supp(p)) N JE2(S) of Q is compact, Theorem 1.3.16 applies

to D := I£(S) and the vector field W:

/ (P*y)-u—1y - (Pu)) dV = —/ div(W)dv
D D

=—(n,n)/ (W, u)dA
——Jop

=/ ((Va¥) - u — ¥ - (Vaqu)) dA
oD
= | (apr-u=v- Gan)an.
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On the other hand,
L@ y-u=v-pw) dV:f,g(S)((i})'”“”'( Pu))av
=/ ¢ -udV.
122(S)
Thus
/ (p'udef ((Va¥) -u — ¢ - (Vaqu)) dA. (3.3)
122(S) S

Similarly, using D = I$(S) and y¥'[w] = [ ¢(x) - F&(x)[w]dV for any w €
D(X, E) one gets

/Q go-ude[ (V" (Vau) = (V') - u) dA. (3.4)
12(5) s

The different sign is caused by the fact that n is the inferior unit normal to If (S).
Adding (3.3) and (3.4) we get

/ g-udv = / (Vo —=9") -u = (¢ = ¢') - (Vau)) dA,
Q N

which is the desired result. |
Corollary 3.2.3. Let 2, u, ug, and u be as in Lemma 3.2.2. Then

supp(u) € J%(K)
where K = supp(u¢) U supp(u1).

Proof. Let ¢ € D(Q,E*). From Theorem 2.6.4 we know that supp(F®[¢]) C
J S (supp(p)). Hence if, under the hypotheses of Lemma 3.2.2,

supp(u;) N J 2 (supp(p)) = @ (3.5)

for j = 0,1, then fQ ¢ -udV = 0. Equation (3.5) is equivalent to

supp(¢) N J * (supp(u;)) = 0.

Thus fQ @-u dV = 0 whenever the support of the test section ¢ is disjoint from J ¢ (K).
We conclude that u must vanish outside J € (K). |

Corollary 3.2.4. Let E be a vector bundle over a globally hyperbolic Lorentzian
manifold M. Let V be a connection on E and let P = OV + B be a normally
hyperbolic operator acting on sections in E. Let S be a smooth spacelike Cauchy
hypersurface in M, and let 1 be the future directed (timelike) unit normal vector field
along S.
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Ifu e C®°(M, E) solves

Pu=0 onM,
u=0 alongs§,
Vou =0 along S,

thenu = 0on M.

Proof. By Theorem 1.3.13 there is a foliation of M by spacelike smooth Cauchy
hypersurfaces S; (1 € R) with So = S. Extend n smoothly to all of M such that |,
is the unit future directed (timelike) normal vector field on S; for every ¢+ € R. Let
p € M. We show that u(p) = 0.

Let T € R be such that p € S7. Without loss of generality let 7 > 0 and let p be
in the causal future of S. Set

to := sup {t € [0, T] | u vanishes on JM (p) N (Uosrst St)}.

Figure 20. Uniqueness of solution to Cauchy problem; domain where u vanishes.

We will show that 7 = T which implies in particular u(p) = 0.

Assume to < T. Foreach x € JM(p) N S:, we may, according to Lemma A.5.6,
choose arelatively compact causal neighborhood €2 of x in M satisfying the hypotheses
of Lemma 2.4.8 and such that S;, N €2 is a Cauchy hypersurface of €2.
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IM(p) N JL(S, N Q)

Figure 21. Uniqueness of solution to Cauchy problem; u vanishes on J™ (p) N Jf (Szo N Q).

Put ug := Uls,, and u; = (v“”)|8;0‘ If to = 0,thenug = u; =0on S = S
by assumption. If 7o > 0, then ug = u; = 0 on Sy, N JM (p) because u = 0 on
JM(p)n (Uogst Sr). Corollary 3.2.3 implies u = 0 on J™ (p) N Jf(S,O N Q).

By Corollary A.5.4 the intersection Sz, N J. M (p) is compact. Hence it can be
covered by finitely many open subsets €2;, 1 <i < N, satisfying the conditions of €2

Figure 22. Uniqueness of solution to Cauchy problem; S; N J* (p) is contained in U; Q; for
t € [to,to + ).
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above. Thus u vanishes identically on (2, U---UQuy) N JM(p) N Jﬂ’[ (St,). Since
(1 U---U Q)N JM(p) is an open neighborhood of the compact set S;, N JM (p)
in JM (p) there exists an ¢ > 0 such that §; N JM(p) C Q; U--- U Qy for every
t e [[o,lo + 8).

Hence u vanishes on S; N JM (p) for all t € [ty,t9 4+ €). This contradicts the
maximality of #y. |

Next we prove existence of solutions to the Cauchy problem on small domains. Let
Q C M satisty the hypotheses of Lemma 2.4.8. In particular, €2 is relatively compact,
causal, and has “small volume”. Such domains will be referred to as RCCSV (for “Rel-
atively Compact Causal with Small Volume”). Note that each point in a Lorentzian
manifold possesses a basis of RCCSV-neighborhoods. Since causal domains are con-
tained in convex domains by definition and convex domains are contractible, the vector
bundle E is trivial over any RCCSV-domain 2. We shall show that one can uniquely
solve the Cauchy problem on every RCCSV-domain with Cauchy data on a fixed
Cauchy hypersurface in 2.

Proposition 3.2.5. Let M be a time-oriented Lorentzian manifold and let S C M
be a spacelike hypersurface. Let n be the future directed timelike unit normal field
along S.

Then for each RCCSV-domain 2 C M such that S N Q is a (spacelike) Cauchy
hypersurface in Q, the following holds:

For eachug,u; € D(S NQ, E) and for each f € D(2, E) there exists a unique
u € C®(Q, E) satisfying

Pu=f onM,
u=ug alongs,

Vau =u; along S.
Moreover, supp(u) C JM (K) where K = supp(ug) U supp(u1) U supp(f).

Proof. Let Q C M be an RCCSV-domain such that S N € is a Cauchy hypersurface
in Q. Corollary 3.2.4 can then be applied on Q: If u and # are two solutions of
the Cauchy problem, then P(u — @) = 0, (u — ii)|s = 0, and V,(u — @) = 0.
Corollary 3.2.4 implies ¥ — u = 0 which shows uniqueness. It remains to show
existence.

Since causal domains are globally hyperbolic we may apply Theorem 1.3.13 and
find an isometry Q = R x (S N ) where the metric takes the form —Bdt? + g,. Here
B: 2 — R is smooth, each {z} x (§ N ) is a smooth spacelike Cauchy hypersurface
in 2, and S N Q corresponds to {0} x (S N 2). Note that the future directed unit
normal vector field n along {z} x (S N Q) is given by u(-) = ﬁ%.

Now let ug,u; € D(S N Q, E)and f € D(R2, E). We trivialize the bundle £
over 2 and identify sections in £ with K”-valued functions where r is the rank of E.
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Assume for a moment that ¥ were a solution to the Cauchy problem of the form
u(t,x) = Z;‘;Otjuj(x) where x € S N Q. Write P = 1.2 4+ Y where Y is a

B 92
differential operator containing #-derivatives only up to order 1. Equation

1 92 R — .
f=pu= (EaTZ”)“: g0 2o U Dk Ye G6)
’ _]=2

evaluated at t = 0 gives

ﬁug(x) = —Y(uo + tu1)(0,x) + f(0,x)

for every x € S N Q. Thus u, is determined by ug, u;, and f|g. Differentiating
(3.6) with respect to % and repeating the procedure shows that each u; is recursively
determined by uy, ..., u;—; and the normal derivatives of f along S.

Now we drop the assumption that we have a ¢-power series u solving the problem
but we define the u;, j > 2, by these recursive relations. Then supp(u;) C supp(uo) U
supp(u1) U (supp(f) N S) forall j.

Leto: R — R be a smooth function such that o'|[—1/2,1/2] = 1 and 0 = 0 outside
[—1, 1]. We claim that we can find a sequence of ¢; € (0, 1) such that

o0

(t.x) =Y _o(t/e))t uj(x) (3.7)

j=0
defines a smooth section that can be differentiated termwise.
By Lemma 1.1.11 we have for j > k

llot /et uj(Ollcry < ctk) - |o /et | cr gy - ujllcxs):-

Here and in the following ¢(k), ¢’(k, j), and ¢”(k, j) denote universal constants de-
pending only on k and j. By Lemma 2.4.1 we have for/ <k and0 <¢; <1

<& (. j) ol

d! i
P .

thus
lo(t/ep)t! u; ()l cr )y < & "k, j) lollcry 14l cres)-

Now we choose 0 < g; < 1 so that ¢; ¢"(k, j) llo|lck ) llu)llcrs)y < 27/ for all
k < j. Then the series (3.7) defining & converges absolutely in the C*-norm for all k.
Hence # is a smooth section with compact support and can be differentiated termwise.
From the construction of 7i one sees that supp(#1) C JM (K).

By the choice of the u; the section Pii — f vanishes to infinite order along S.
Therefore
(Pa— f)(t,x), ift >0,

1,x) =
wt, x) 0, ift <O,
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defines a smooth section with compact support. By Theorem 2.6.4 (which can be
applied since the hypotheses of Lemma 2.4.8 are fulfilled) we can solve the equation
Pii = w with a smooth section % having past compact support. Moreover, supp (i) C
JM (supp(w)) C J ¥ (supp(it) U supp(f)) C JM(K).

Now u := u—iiisasmoothsectionsuchthat Puy = Pu—Pii = w+ f—w = f
on JE(SNQ)={r>0}

The restriction of i to I(S) has past compact support and satisfies Pii = 0 on
1£(S), thus by Theorem 3.1.1 5 = 0 on 75(S). Thus 1 coincides with 7 to infinite
order along S. In particular, u 4|5 = ti|s = up and Vauy = Vyii = u;. Moreover,
supp(uy) C supp(@i) U supp(ii) C JM(K). Thus u has all the required properties
onJ fr” (S).

Similarly, one constructs u_ on J™ (S). Since both 1 and u_ coincide to infinite
order with 1 along S we obtain the smooth solution by setting

uy(t,x), ift >0,

t,x) =
u(t. x) u_(t,x), ifr<o. |

Remark 3.2.6. Itfollows from LemmaA.5.6 thatevery point p on a spacelike hypersur-
face S possesses a RCCSV-neighborhood €2 such that § N €2 is a Cauchy hypersurface
in 2. Hence Proposition 3.2.5 guarantees the local existence of solutions to the Cauchy
problem.

In order to show existence of solutions to the Cauchy problem on globally hyperbolic
manifolds we need some preparation. Let M be globally hyperbolic. We write M =
R x S and suppose the metric is of the form —Bdt? + g, as in Theorem 1.3.10. Hence
M is foliated by the smooth spacelike Cauchy hypersurfaces {t} x § =: S;, t € R.
Let p € M. Then there exists a unique ¢ such that p € S;. For any r > 0 we denote
by B, (p) the open ball in S; of radius r about p with respect to the Riemannian metric
g:on S;. Then B,(p) is open as a subset of S; but not as a subset of M.

Recall that D(A) denotes the Cauchy development of a subset A of M (see Defi-
nition 1.3.5).

Lemma 3.2.7. The function p: M — (0, 0o] defined by
p(p) := sup{r > 0| D(B:(p)) is RCCSV},
is lower semi-continuous on M.

Proof. First note that p is well defined since every point has a RCCSV-neighborhood.
Let p € M andr > Obe suchthat p(p) > r. Lete > 0. We want to show p(p’) > r—e¢
for all p’ in a neighborhood of p.

For any point p’ € D(B,(p)) consider

A(p") :=sup{r’ > 0| By (p") C D(Br(p))}-

Claim: There exists a neighborhood V' of p such that for every p’ € V one has
Ap)>r—e.
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D(B,(p)) DB ()

Figure 23. Construction of the neighborhood V of p.

Let us assume the claim for amoment. Let p’ € V. Pickr’ withr—g < 1’ < A(p').
Hence B,/(p’) C D(B;(p)). By Remark 1.3.6 we know D(B,(p’)) C D(B:(p)).
Since D(B;(p)) is RCCSV the subset D(B,/(p’)) is RCCSV as well. Thus p(p’) >
r’ > r — . This then concludes the proof.

It remains to show the claim. Assume the claim is false. Then there is a sequence
(pi)i of points in M converging to p such that A(p;) < r — ¢ for all i. Hence for
r':=r —e¢/2wehave By (p;) ¢ D(B,(p)). Choose x; € By(pi) \ D(B:(p)).

The closed set B, (p) is contained in the compact set D (B, (p)) and therefore com-
pact itself. Thus [—1,1] x B,(p) is compact. For i sufficiently large B, (p;) C
[-1,1] x B,(p) and therefore x; € [—1,1] x B.(p). We pass to a convergent
subsequence x; — x. Since p; — p and x; € B,(p;) we have x € B,/(p).
Hence x € B,(p). Since D(B,(p)) is an open neighborhood of x we must have
x; € D(B(p)) for sufficiently large i. This contradicts the choice of the x;. O

Foreveryr > 0andg € M = R x S consider

6, (q) == sup{n > 0 | JM(B,/2(¢)) N (Ito — .10 + N x S) C D(B+(q))}.

Remark 3.2.8. There exist n > 0 with JM(B,/2(q)) N ([to — n,t0 + ] x S) C
D(B;(g)). Hence 6,(q) > 0.

One can see this as follows. If no such n existed, then there would be points
xi € JM(B,/2(q)) N ([to — .10 + 1] x S) but x; & D(Br(q)). i € N. All x; lie
in the compact set JM(B,/2(¢)) N ([to — 1,10 + 1] x S). Hence we may pass to a
convergent subsequence x; — x. Then x € JM(Er/Z(q)) N {te} xS) = Er/z(q).

Since D(B,(q)) is an open neighborhood of B,/»(¢) we must have x; € D(B,(qo))
for sufficiently large i in contradiction to the choice of the x;.
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D(By(q))

JM (B (@) N ([t0 — 1,10 + 1] x S)

o +n} xS
{to} x §

7 ¥ /RN

{to—ny xS

Figure 24. Definition of 6, (q).

Lemma 3.2.9. The function 6, : M — (0, 00] is lower semi-continuous.
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Proof. Fix g € M. Let ¢ > 0. We need to find a neighborhood U of ¢ such that for

all q/ € U we have er(q/) > 0:(q) — &

Put 1 := 6,(g) and choose f, such that ¢ € S;,. Assume no such neighborhood
U exists. Then there is a sequence (g;); in M such that ¢; — ¢ and 6,(g¢;) <
n — ¢ for all i. All points to be considered will be contained in the compact set
([-T, T1xS)NJM (B, (q)) for sufficiently big T and sufficiently large i. Letg; € Sy -

Thent; — tyasi — oo.

Choose x; € JM(B,/2(g:)) N ([ti —n + &.1; + n— ] x S) but x; & D(B,(q:)).
This is possible because of 6,(q;) < n —e. Choose y; € B,/2(g;) such that x; €

IM ().

D(B(gi))

Figure 25. Construction of the sequence (x;);.
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After passing to a subsequence we may assume X; — x and y; — y. From
qi — q and y; € Er/Z(qi) we deduce y € Er/z(q). Since the causal relation “<”
on a globally hyperbolic manifold is closed we conclude from x; — x, y; — y, and
x; € JM(y;) that x € JM(y). Thus x € JM(E,/Z(q)). Obviously, we also have
X €fto—n+eto+n—e]lxS. From6,(q) =n > n—eweconclude x € D(B,(q)).

Since x; € D(B;(g;)) thereis an inextendible causal curve ¢; through x; which does
not intersect B, (g;). Let z; be the intersection of ¢; with the Cauchy hypersurface S, .
After again passing to a subsequence we have z; — z withz € Sy,. From z; & B, (q;)
we conclude z ¢ B,(gq). Moreover, since c; is causal we have x; € JM(z;). The
causal relation “<” is closed, hence x € JM (z). Thus there exists an inextendible
causal curve ¢ through x and z. This curve does not meet B, (g) in contradiction to
x € D(B/(q)). O

Lemma 3.2.10. For each compact subset K C M there exists 6 > 0 such that for
eacht € R and any ug,u1 € D(S;s, E) with supp(u;) C K, j = 1,2, there is a
smooth solution u of Pu = 0 defined on (t —§,t + 8) x S satisfying u|s, = uo and
Valt|s, = uy. Moreover; supp(u) C JM(K N S,).

Proof. By Lemma 3.2.7 the function p admits a minimum on the compact set K. Hence
there is a constant ro > 0 such that p(g) > 2r¢ forall ¢ € K. Choose § > 0 such that
2, > 6 on K. This is possible by Lemma 3.2.9.

Now fix ¢ € R. Cover the compact set S; N K by finitely many balls B, (q1), ...,
B,(gn).q; € S N K. Letug,u; € O(S;, E) with supp(u;) C K. Using a partition
of unity write ug = ug,1 + -+ + uo,ny with supp(uo,;) C By,(q;) and similarly u; =
ui,1 + -+ +ur,n. The set D(Ba,(q;)) is RCCSV. By Proposition 3.2.5 we can find
a solution w; of Pw; = 0 on D(B»,,(gq;)) with wj|s, = uo,; and Vyw;|s, = uy,;.
Moreover, supp(w;) C JM(B,,(g;)). From JM (B, (g;)) N (t —8,t +8) xS C
D(Bary(q;)) we see that w; is defined on JM (B,,(¢;)) N (t — 8.t + §) x S. Extend
w; smoothly by zero to all of (f —8,¢ +6) x.S. Now u := wj +---+ wy is a solution
defined on (t —§,¢ + §) x S as required. |

Now we are ready for the main theorem of this section.

Theorem 3.2.11. Let M be a globally hyperbolic Lorentzian manifold and let S C M
be a spacelike Cauchy hypersurface. Let 1 be the future directed timelike unit normal
field along S. Let E be a vector bundle over M and let P be a normally hyperbolic
operator acting on sections in E.

Then for each ug,u1 € D(S, E) and for each [ € D(M, E) there exists a unique
u € C®°(M, E) satisfying Pu = f, uls = ug, and Vyu|s = uj.

Moreover, supp(u) C JM (K) where K = supp(ug) U supp(u1) U supp(f).

Proof. Uniqueness of the solution follows directly from Corollary 3.2.4. We have to
show existence of a solution and the statement on its support.

Letug,u; € O(S, E) and f € D(M, E). Using a partition of unity (x;);=1,..m
we can write ug = ug,1 + - +Uom, U1 = U1+ -+ urmand f = fi+-+ fmn
where ug, ; = x;juo, u1,; = x;u1, and f; = y; f. We may assume that each y; (and



3.2. THE CAUCHY PROBLEM 85

hence each u; ; and f;) have support in an open set as in Proposition 3.2.5. If we can
solve the Cauchy problem on M for the data (o, ;,u1,;, f;), then we can add these
solutions to obtain one for ug, u;, and f. Hence we can without loss of generality
assume that there is an €2 as in Proposition 3.2.5 such that K := supp(u¢) Usupp(u)U
supp(f) C Q.

By Theorem 1.3.13 the spacetime M is isometric to R xS with a Lorentzian metric
of the form —Bdt? + g; where S corresponds to {0} x S, and each S; := {t} x §
is a spacelike Cauchy hypersurface in M. Let u be the solution on €2 as asserted by
Proposition 3.2.5. In particular, supp() C J™ (K). By choosing the partition of unity
(x;); appropriately we can assume that K is so small that there exists an € > 0 such
that ((—e,&) x )N JM(K) C Qand K C (—¢,¢) x S.

{e} x S
{0} x S

{—e} xS

JM(K)

Figure 26. Construction of 2 and ¢.

Hence we can extend u by 0 to a smooth solution on all of (—¢,¢) x S. Now
let 7+ be the supremum of all T for which u can be extended to a smooth solution
on (—&, T) x S with support contained in JM(K). On [e,T) x S the equation to
be solved is simply Pu = 0 because supp(f) C K. If we have two extensions u
and i for T < T, then the restriction of i to (—e, T) x S must coincide with u by
uniqueness. Note here that Corollary 3.2.4 applies because (—¢, T) x S is a globally
hyperbolic manifold in its own right. Thus if we show 74 = oo we obtain a solution
on (—¢&,00) x S. Similarly considering the corresponding infimum 7_ then yields a
solutionon allof M =R x §.

Assume that Ty < +00. Put K := ([—&, T4] x S) N JM(K). By Lemma A.5.4
K is compact. Apply Lemma 3.2.10 to K and get § > 0 as in the Lemma. Fixt < T
such that 74 — ¢t < § and still K C (—&,t) X S.
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On (t—38,t+6) xS solve Pw = O with w|s, = u|s, and Vqaw|s, = Vyquls,. This
is possible by Lemma 3.2.10. On (t —n, ¢ + ) x S the section f vanishes with n > 0
small enough. Thus w coincides with u on (¢t — 1, ¢) x S. Here again, Corollary 3.2.4
applies because (t — n,¢t + §) x S is a globally hyperbolic manifold in its own right.
Hence w extends the solution u smoothly to (—e,# 4+ §) x S. The support of this
extension is still contained in J* (K) because

supp (W|ie,e+8)xs) C J2 (supp(uls,) U supp(Vauls,))
cIMEKnS)cIPUMK) =IMK).

Since T4 < t + § this contradicts the maximality of 7. Therefore T4 = +o0.
Similarly, one sees 7— = —oo which concludes the proof. (|

The solution to the Cauchy problem depends continuously on the data.

Theorem 3.2.12. Let M be a globally hyperbolic Lorentzian manifold and let S C M
be a spacelike Cauchy hypersurface. Let n be the future directed timelike unit normal
field along S. Let E be vector bundle over M and let P be a normally hyperbolic
operator acting on sections in E.

Thenthe map D(M, E)DD(S, E)BD(S, E) > C*®(M, E) sending (f, up,u1)
to the unique solution u of the Cauchy problem Pu = f, u|ls = ulo, Vat = uy is
linear continuous.

Proof. The map &: C®°(M,E) - C®(M,E) ® C*®(S,E) & C*®(S,E), u —
(Pu,ul|s, Vyu), is obviously linear and continuous. Fix a compact subset K C M.
Write Dx(M,E) = {f € DM,E) | supp(f) C K}, Dx(S,E) = {v €
D(S,E)| supp(v) C KNS}, and Vg := P~ 1D (M, E)DDk (S, E)DDk (S, E)).
Since Dx (M, E) D Dk (S, E)YB Dk (S, E) CCP®(M,E)DC>®(S,E)BC>(S,E)
is a closed subset so is Vg C C*°(M, E). Both Vg and Dx(M, E) & Dk (S, E) &
Dk (S, E) are therefore Fréchet spaces and #: Vg — Dx(M,E) & Dk (S, E) ®
Dk (S, E) is linear, continuous and bijective. By the open mapping theorem
[Reed—Simon1980, Thm. V.6, p. 132] the inverse mapping P~ ': Dx(M,E) &
Dk (S, E)® Dk (S, E) — Vxk C C*®(M, E) is continuous as well.

Thus if (fj,uo,j.u1,;) = (fiuo.u1) in OD(M,E) @ D(S,E) & D(S. E), then
we can choose a compact subset K C M such that (fj,uo,;,u1,;) = (f uo,u1)
in Dx(M, E) ® Dk (S, E) ® Dk (S, E) and we conclude P~1(fj,ug, j, u1,;) —
?_l(ﬁuo,ul). O

3.3 Fundamental solutions on globally hyperbolic manifolds

Using the knowledge about the Cauchy problem which we obtained in the previous
section it is now not hard to find global fundamental solutions on a globally hyperbolic
manifold.
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Theorem 3.3.1. Let M be a globally hyperbolic Lorentzian manifold. Let P be a
normally hyperbolic operator acting on sections in a vector bundle E over M .

Then for every x € M there is exactly one fundamental solution F(x) for P at
x with past compact support and exactly one fundamental solution F_(x) for P at x
with future compact support. They satisfy

(1) supp(Fa(x)) € JY (x),
(2) for each ¢ € D(M, E*) the maps x + Fy(x)[¢] are smooth sections in E*
satisfying the differential equation P*(F+(-)[¢]) = ¢.

Proof. Uniqueness of the fundamental solutions is a consequence of Corollary 3.1.2.

To show existence fix a foliation of M by spacelike Cauchy hypersurfaces S;,
t € R as in Theorem 1.3.10. Let n be the future directed unit normal field along the
leaves S;, and let ¢ € D (M, E*). Choose ¢ so large that supp(¢) C IM(S;). By
Theorem 3.2.11 there exists a unique y, € C*°(M, E*) such that P*y, = ¢ and
Xols; = (Vaxe)ls, = 0.

We check that y,, does not depend on the choice of #. Let ¢t < t’ be such that
supp(p) C IM(S;) c IM(Sy). Let y, and X be the corresponding solutions.
Choose 7_ < t so that still supp(¢) C IM(S,_). The open subset M := Uesr Sz C
M is a globally hyperbolic Lorentzian manifold itself. Now )(;, satisfies P* )(20 = 0Oon
M with vanishing Cauchy data on S;,. By Corollary 3.2.4 X:p =0onM. In particular,
X:p has vanishing Cauchy data on S; as well. Thus y, — )(;, has vanishing Cauchy data
on S; and solves P*(y, — X;}) = Oonall of M. Again by Corollary 3.2.4 we conclude
Xo— Xy =00n M.

Fix x € M. By Theorem 3.2.12 y, depends continuously on ¢. Since the evalu-
ation map C*°(M, E) — E, is continuous, the map D(M, E*) — EF, ¢ — yo(x),
is also continuous. Thus Fi(x)[¢] := y,(x) defines a distribution. By definition
P*(Fr()le)) = P xp = ¢.

Now P* yp+y = P*¢, hence P*(yp+, — ¢) = 0. Since both yp+, and ¢ vanish
along S; we conclude from Corollary 3.2.4 ypx, = ¢. Thus

(PF(x)e] = FL(x)[P 9] = xp=o(x) = @(x) = x[o].

Hence F (x) is a fundamental solution of P at x.

It remains to show supp(Fy(x)) C Jﬂ’[ (x). Lety e M \ Ji” (x). We have to
construct a neighborhood of y such that for each test section ¢ € D (M, E*) whose
support is contained in this neighborhood we have Fy(x)[¢] = y,(x) = 0. Since
M is globally hyperbolic J _ﬂ” (x) is closed and therefore J J]y (x)NJM(y") = @ for
all y’ sufficiently close to y. We choose y’ € I¥(y) and y” € IM(y) so close that
Ji”(x) NJM(y') = @and (Jfr”(y”) NUr< SN Jfr”(x) = @ wheret’ € R issuch
that y’ € Sy.
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Figure 27. Global fundamental solution; construction of y, y” and y”.

Now K := JM (y’)ﬂJfr‘” (y") isacompact neighborhood of y. Letp € D(M, E*)
be such that supp(¢) C K. By Theorem 3.2.11 supp(y,) C Jfr” (K)UJM(K) c
Jfr” (y") U JM(y’). By the independence of y,, of the choice of t > ¢’ we have that
X vanishes on |-, S;. Hence supp(x,) C (JM(y") N U, S¢) UJM (') and is
therefore disjoint from J fy (x). Thus FL(x)[¢] = xe(x) = 0 as required. O

3.4 Green’s operators

Now we want to find “solution operators” for a given normally hyperbolic operator P.
More precisely, we want to find operators which are inverses of P when restricted to
suitable spaces of sections. We will see that existence of such operators is basically
equivalent to the existence of fundamental solutions.

Definition 3.4.1. Let M be a time-oriented connected Lorentzian manifold. Let P
be a normally hyperbolic operator acting on sections in a vector bundle E over M. A
linear map G4+ : D(M, E) — C®(M, E) satisfying

(i) P oGy =idpwm,E)
(i) G+ o Plowm,E) = idom,E)

(iii) supp(G+¢) C J Y (supp(e)) forall ¢ € D(M, E),
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is called an advanced Green’s operator for P. Similarly, alinearmapG_: D (M, E) —
C°(M, E) satistying (i), (ii), and

(i) supp(G_¢) C JM (supp(p)) forall ¢ € D(M, E)
instead of (iii) is called a retarded Green’s operator for P.
Fundamental solutions and Green’s operators are closely related.

Proposition 3.4.2. Let M be a time-oriented connected Lorentzian manifold. Let P
be a normally hyperbolic operator acting on sections in a vector bundle E over M.

If F+(x) is a family of advanced or retarded fundamental solutions for the adjoint
operator P* and if F1(x) depend smoothly on x in the sense that x — F1(x)[¢] is
smooth for each test section ¢ and satisfies the differential equation P(F+(-)[¢]) = ¢,
then

(G19)(x) = Fx(x)[¢] (3.3)

defines advanced or retarded Green’s operators for P respectively. Conversely, given
Green’s operators G+ for P, then (3.8) defines fundamental solutions for P* depending
smoothly on x and satisfying P(F+(-)[g]) = ¢ for each test section ¢.

Proof. Let Fy(x) be a family of advanced and retarded fundamental solutions for the
adjoint operator P* respectively. Let F1(x) depend smoothly on x and suppose the
differential equation P(F4(-)[¢]) = ¢ holds. By definition we have

P(Gip) = P(F(-)lp) = ¢

thus showing (i). Assertion (ii) follows from the fact that the F.(x) are fundamental
solutions,

G+ (Po)(x) = Fx(x)[Pg] = P*Fx(x)[¢] = éx[p] = ¢(x).

To show (iii) let x € M such that (G, ¢)(x) # 0. Since supp(F_(x)) C JM (x) the
support of ¢ must hit J (x). Hence x € J _ﬂ’l (supp(¢)) and therefore supp(G¢) C
J fr‘” (supp(¢)). The argument for G_ is analogous.

The converse is similar. (|

Theorem 3.3.1 immediately yields

Corollary 3.4.3. Let M be a globally hyperbolic Lorentzian manifold. Let P be a
normally hyperbolic operator acting on sections in a vector bundle E over M.

Then there exist unique advanced and retarded Green’s operators G+ : D(M, E) —
C®(M, E) for P. O

Lemma 3.4.4. Let M be a globally hyperbolic Lorentzian manifold. Let P be a
normally hyperbolic operator acting on sections in a vector bundle E over M. Let G 4

be the Green’s operators for P and G the Green’s operators for the adjoint operator
P*. Then

| G20 vav= [ g-@zurav (39)
holds for all g € D(M, E*) and y € D(M, E).
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Proof. For the Green’s operators we have PG+ = idg(um,g) and P*G} = idp,E¥)
and hence

f (G19) -y dV = j (GL) - (PGxy)dV
M M
— [ #*G1e)- Grvrav
M
:/ ¢ (Gxy)dV.
M

Notice that supp(G+¢) N supp(Gxy) C Jil (supp(p)) N J%’ (supp(v)) is compact
in a globally hyperbolic manifold so that the partial integration in the second equation
is justified. O

Notation 3.4.5. We write C2°(M, E) for the setof all ¢ € C°°(M, E) for which there
exists a compact subset K C M such that supp(¢) C JM (K). Obviously, CX(M,E)
is a vector subspace of C*(M, E).

The subscript “sc” should remind the reader of “spacelike compact”. Namely, if M
is globally hyperbolicand ¢ € C2°(M, E), then for every Cauchy hypersurface S C M
the support of ¢|g is contained in S N J* (K) hence compact by Corollary A.5.4. In
this sense sections in C2°(M, E) have spacelike compact support.

Definition 3.4.6. We say a sequence of elements ¢; € C°(M, E) converges in
CXP(M,E)top € C(M, E) if there exists a compact subset K C M such that

supp(¢;), supp(¢) C J M (K)
for all j and
loj —ellckx gy =0
for all k € N and all compact subsets K’ C M.

If G+ and G_ are advanced and retarded Green’s operators for P respectively, then
we get a linear map

G:=Gy—G_: D(M.E) > C2(M. E).

Theorem 3.4.7. Let M be a connected time-oriented Lorentzian manifold. Let P be
a normally hyperbolic operator acting on sections in a vector bundle E over M. Let
G+ and G_ be advanced and retarded Green’s operators for P respectively.

Then the sequence of linear maps

0 DM E) L oM, E) S c2m, E) L com, E) (3.10)

is a complex, i.e., the composition of any two subsequent maps is zero. The complex
is exact at the first D(M, E). If M is globally hyperbolic, then the complex is exact
everywhere.
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Proof. Properties (i) and (ii) in Definition 3.4.1 of Green’s operators directly yield

GoP =0and P oG = 0, both on D(M, E). Properties (iii) and (iii’) ensure that G

maps D (M, E) to CX(M, E). Hence the sequence of linear maps forms a complex.
Exactness at the first D (M, E) means that

P: DM, E) - DM, E)

is injective. To see injectivity let ¢ € D(M, E) with P = 0. Then ¢ = G Py =
G+0=0.

From now on let M be globally hyperbolic. Let ¢ € D (M, E) with G = 0, i.e.,
Girp = G_gp. Weput ¢ := Grp = G_¢ € C®(M, E) and we see supp(¥) =
supp(G+¢) Nsupp(G_gp) C Jfr” (supp(e)) N JM (supp(¢)). Since (M, g) is globally
hyperbolic J f (supp(¢)) N JM (supp(p)) is compact, hence ¥ € D(M, E). From
P() = P(G4+(p)) = ¢ we see that ¢ € P(D(M, E)). This shows exactness at the
second D(M, E).

Finally, let ¢ € C2°(M, E) such that P¢ = 0. Without loss of generality we
may assume that supp(¢) C If’ (K) U IM(K) for a compact subset K of M. Using
a partition of unity subordinated to the open covering {/ f’ (K), IM(K)} write ¢ as
@ = @1 + @, where supp(¢;) C IM(K) ¢ JM(K) and supp(g,) C Iﬁ’I(K) C
JM(K). For ¢ := —Pg; = Py, we see that supp(y) C JM(K) N JM(K), hence
v e DM, E).

We check that G = ¢,. Forall y € D(M, E*) we have

[ X'(G+P<ﬂ2)dV=/ (Gix)-(Pmdv:/ (P*Gix)-fpdezf 192 dV
M M M M

where G* is the Green’s operator for the adjoint operator P * according to Lemma 3.4.4.
Notice that for the second equation we use the fact that supp(g2) N supp(G*y) C
Jj{” (K) N JM (supp(y)) is compact. Similarly, one shows G_y = —¢;.

Now Gy = G4+ — G-y = @2 4+ ¢1 = @, hence ¢ is in the image of G. O

Proposition 3.4.8. Let M be a globally hyperbolic Lorentzian manifold, let P be a
normally hyperbolic operator acting on sections in a vector bundle E over M. Let G+
and G_ be the advanced and retarded Green’s operators for P respectively.

Then G+: D(M, E) — C(M, E) and all maps in the complex (3.10) are se-
quentially continuous.

Proof. The maps P: D(M,E) - D(M,E)and P: C°(M,E) - C3°(M, E) are
sequentially continuous simply because P is a differential operator. It remains to show
that G: D(M, E) - CX(M, E) is sequentially continuous.

Letgj, ¢ € D(M, E) and ¢; — ¢ in D(M, E) for all j. Then there exists a com-
pactsubset K C M suchthatsupp(¢;), supp(¢) C K. Hence supp(Gg;), supp(G¢) C
JM(K) for all j. From the proof of Theorem 3.3.1 we know that G,¢ coin-
cides with the solution u to the Cauchy problem Pu = ¢ with initial conditions
uls_. = (Vuau)|s_ = 0 where S_ C M is a spacelike Cauchy hypersurface such that
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K C Ify (S-). Theorem 3.2.12 tells us that if ¢; — ¢ in D (M, E), then the solutions
Gip; — Gyoin C*®(M, E). The proof for G_ is analogous and the statement for G
follows. 0

Remark 3.4.9. Green’s operators need not exist for any normally hyperbolic operator
on any spacetime. For example consider a compact spacetime M and the d’ Alembert
operator acting on real functions. Note that in this case D(M,R) = C*®(M). If
there existed Green’s operators the d’ Alembert operator would be injective. But any
constant function belongs to the kernel of the operator.

3.5 Non-globally hyperbolic manifolds

Globally hyperbolic Lorentzian manifolds turned out to form a good class for the solu-
tion theory of normally hyperbolic operators. We have unique advanced and retarded
fundamental solutions and Green’s operators. The Cauchy problem is well-posed.
Some of these analytical features survive when we pass to more general Lorentzian
manifolds. We will see that we still have existence (but not uniqueness) of fundamen-
tal solutions and Green’s operators if the manifold can be embedded in a suitable way
as an open subset into a globally hyperbolic manifold such that the operator extends.
Moreover, we will see that conformal changes of the Lorentzian metric do not alter
the basic analytical properties. To illustrate this we construct Green’s operators for
the Yamabe operator on the important anti-deSitter spacetime which is not globally
hyperbolic.

Proposition 3.5.1. Let M be a time-oriented connected Lorentzian manifold. Let P
be a normally hyperbolic operator acting on sections in a vector bundle E over M.
Let G+ be Green’s operators for P. Let 2 C M be a causally compatible connected
open subset.

Define G+: D(Q2, E) - C®(Q,E) by

G1(9) = Gi(peu)a-

Here D(Q, E) > D(M, E), ¢ > @eyx, denotes extension by zero.
Then G 4 and G are advanced and retarded Green’s operators for the restriction
of P to Q2 respectively.

Proof. Denote the restriction of P to 2 by P. To show (i) in Definition 3.4.1 we check
forp € D(R,E)

ﬁéi‘/’ = IS(G:I:((Pext)|Q) = P(G:I:((pext))|§2 = (pext|$2 = Q.

Similarly, we see for (ii)

GLPy = GL(PP)ex)|a = G+ (PPl = Pexila = @.
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For (iii) we need that €2 is a causally compatible subset of M.

supp(G+9) = supp(G+ (¢ex)|2)
= supp(G+ (¢ext)) N 2

C J¥ (supp(gex)) N 2
= JM (supp(p)) N Q2
= J£(supp()). O

Example 3.5.2. In Minkowski space every convex open subset €2 is causally com-
patible. Proposition 3.5.1 shows the existence of an advanced and a retarded Green’s
operator for any normally hyperbolic operator on 2 which extends to a normally hy-
perbolic operator on M.

On the other hand, we have already noticed in Remark 3.1.5 that on convex domains
the advanced and retarded fundamental solutions need not be unique. Thus the Green’s
operators G+ are not unique in general.

The proposition fails if we drop the condition on €2 to be a causally compatible
subset of M.

Example 3.5.3. For non-convex domains 2 in Minkowski space M = R”" causal
compatibility does not hold in general, see Figure 7 on page 19. Forany ¢ € D(2, E)
the proof of Proposition 3.5.1 shows that supp(G+¢) C J jy (supp(p)) N Q. Now, if
Jf (p) is a proper subset of Jf (p) N there is no reason why supp(G+¢) should be
a subset of J iz (supp(¢)). Hence G+ are not Green’s operators in general.

Example 3.5.4. We consider the Einstein cylinder M = R x S"~1 equipped with the
product metric g = —d? +cang,—1 where cangn—1 denotes the canonical Riemannian
metric of constant sectional curvature 1 on the sphere. Since S”~! is compact, the
Einstein cylinder is globally hyperbolic, compare Example 1.3.11.

We put Q := R x %! where S77! :={(z1,....2,) € "' | z, > 0} denotes
the northern hemisphere. Let p and g be two points in 2 which can be joined by a
causal curve c: [0,1] — M in M. We write c(s) = (t(s), x(s)) with x(s) € S"~1.
After reparametrization we may assume that the curve x in S"~! is parametrized
proportionally to arclength, cang.—1(x’, x") = & where £ is a nonnegative constant.

Since S i_l is a geodesically convex subset of the Riemannian manifold S"~!
there is a curve y: [0,1] — S”%! with the same end points as x and of length at
most the length of x. If we parametrize y proportionally to arclength this means
cangn—1(y’,y’) = n < £. The curve ¢ being causal means 0 > g(c’,c¢’) = —(t)? +
cangn—1(x’, x’), i.e.,

(t? = &

This implies ()2 > 5 which in turn is equivalent to the curve ¢ := (¢, y) being causal.
Thus p and g can be joined by a causal curve which stays in 2. Therefore Q2 is a
causally compatible subset of the Einstein cylinder.
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Next we study conformal changes of the metric. =~ Let M be a time-oriented
connected Lorentzian manifold. Denote the Lorentzian metric by g. Let f: M — R
be a positive smooth function. Denote the conformally related metric by g := f - g.
This means that g(X,Y) = f(p)-g(X.,Y) forall X,Y € T,M. The causal type
of tangent vectors and curves is unaffected by this change of metric. Therefore all
causal concepts such as the chronological or causal future and past remain unaltered by
a conformal change of the metric. Similarly, the causality conditions are unaffected.
Hence (M, g) is globally hyperbolic if and only if (M, g) is globally hyperbolic.

Let us denote by g* and g* the metrics on the cotangent bundle 7* M induced by g

and g respectively. Then we have g¢* = % g*.

Let P be a normally hyperbolic operator with respect to g. Put P := f - P, more
precisely,

P(@)=f-P(p) (3.11)
for all . Since the principal symbol of Pis given by g*, the principal symbol of P is
given by g*,

op(§) = f-0p(§) =—f 87,8 id=—g"(£.§) - id.

Thus P is normally hyperbolic for g. Now suppose we have an advanced or a retarded
Green’s operator G or G_ for P. We define G1+: D(M, E) — C*®(M, E) by

Gip:=Gi(f-9). (3.12)

We see that
GL(P9)=Gy(f -5 Pp)=Ge(Pp)=¢
and

P(Gep) =+ -P(Ge(f-9) =% -f-0o=0.

Multiplication by a nowhere vanishing function does not change supports, hence

supp(G+9) = supp(G=(f ¢)) C J¥ (supp(f ¢)) = J (supp(p)).

Notice again that J f is the same for g and for §. We have thus shown that G4 is a
Green’s operator for P. We summarize:

Proposition 3.5.5. Let M be a time-oriented connected Lorentzian manifold with
Lorentzian metric g. Let f: M — R be a positive smooth function and denote the
conformally related metric by g := f - g.

Then (3.11) yields a 1-1-correspondence P <> P between normally hyperbolic
operators for g and such operators for g. Similarly, (3.12) yields a 1-1-correspondence
Gy < Gy for their Green’s operators. O

This discussion can be slightly generalized.
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Remark 3.5.6. Let (M, g) be a time-oriented connected Lorentzian manifold. Let P
be a normally hyperbolic operator on M for which advanced and retarded Green’s
operators G+ and G_ exist. Let f1, f: M — R be positive smooth functions. Then

the operator P := % - P %, given by

P(p) =+ P(%-9) (3.13)

for all ¢, possesses advanced and retarded Green’s operators G. They can be defined
in analogy to (3.12): ~
Gi(p) == f2-Gx(f1-9).
As above one gets PGi(p) =¢and GL(Py) = ¢ forall ¢ € D(M, E). Operators
P of the form (3.13) are normally hyperbolic with respect to the conformally related
metricg = f1- f>-g.
Combining Propositions 3.5.1 and 3.5.5 we get:

Corollary 3.5.7. Let (M, §) be a time-oriented connected Lorentzian manifold which
can be conformally embedded as a causally compatible open subset 2 into the globally
hyperbolic manifold (M, g). Hence on Q2 we have § = f - g for some positive function
f e C>®(Q,R).

Let P bea normally hyperbolic operator on (M, g) and let P be the operator on 2
defined as in (3.11). Assume that P can be extended to a normally hyperbolic operator
on the whole manifold (M, g). Then the operator P possesses advanced and retarded
Green’s operators. Uniqueness is lost in general. O

In the remainder of this section we will show that the preceding considerations can
be applied to an important example in general relativity: anti-deSitter spacetime. We
will show that it can be conformally embedded into the Einstein cylinder. The image
of this embedding is the set €2 in Example 3.5.4. Hence we realize anti-deSitter space-
time conformally as a causally compatible subset of a globally hyperbolic Lorentzian
manifold.

For an integer n > 2, one defines the n-dimensional pseudohyperbolic space

HY = {x e R"™ | {(x,x)) = ~1},

where {(x, y)) = —xoyo — x1y1 + Z?:z x;y; for all x = (xg,x1,...,x,) and
y = (Yo, Y1, - - -, yn) in R**1. With the induced metric (also denoted by ((-,-))) H}
becomes a connected Lorentzian manifold with constant sectional curvature —1, see
e.g. [O’Neill1983, Chap. 4, Prop. 29].

Lemma 3.5.8. There exists a conformal diffeomorphism
W (ST x St —cangi + cansrl) — (H. {-.))

such that for any (p,x) € S! x S_’f__l C St x R" one has

1
(w*«"'»)(l”x) = x—%(—cansl + cansi_l).
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Proof. We first construct an isometry between the pseudohyperbolic space and
(ST x H*™ ', —y} cangi + cangn-1),

where H"™! 1= {(y1,...,yn) € R" | y1 > 0and —yf + > 7_, y7 = —1} is the
(n — 1)-dimensional hyperbolic space. The hyperbolic metric cangn»—1 is induced by
the Minkowski metric on R”. Then (H"~!, cang.—1) is a Riemannian manifold with
constant sectional curvature —1. Define the map

o: S'x H* ' — H},
(P = (Po. P1)sy = W1+, ¥n)) > (Y1P0. Y11, V2e-- .. yn) € R*TL.

This map is clearly well defined because —y?(p3 + p?) + y2 + ---y2 = —y? +
~——

=1
Y7, ¥7 = —1. The inverse map is given by

o (x) = X0 i ,(,/x§+xf,x2,...,x,,)

)
2 2 2 2
\/xo—l-xl \/x0+x1

Geometrically, the map ® can be interpreted as follows: For any point p = (po, p1) €
S1, consider the hyperplane J#, of R"*! defined by

H, =R - (po, p1.0,....0) R* !,

where the point (pg, p1,0,...,0)liesin R”*! and R”~! isidentified with the subspace
{(0,0,wy,...,wy) | w; € R} C R*" L If {es,...,e,} is the canonical basis of this
R”1, then

By :={e1 := (po, p1,0...,0),e2,...,€n}

is a Lorentz orthonormal basis of #, with respect to the metric induced by (-, ).
Define H"~!(p) as the hyperbolic space of (#,, ((-,-))) in this basis. More precisely,
H" Y (p) = {Xj_imjej € Hp | m > 0,—n} + X j_,n7 = —1}. Then y >
®(p, y) yields an isometry from Minkowski space to ¢, which restricts to an isometry
H" ' — H" (p).
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Rn—l

Figure 28. Pseudohyperbolic space; construction of ®(p, y).
Letnow (p,y) € S'!x H" 1and X = (X', X" 1) € T,S' & T, H"!. Then the
differential of ® at (p, y) is given by
dipyy®X) = (X' + X7 Tp, X2 X2
Therefore the pull-back of the metric on H{' via ® can be computed to yield
(CD* « , ‘»)(p,y)(X7 X) = «d(p,y)q)(X)a d(p’y)CD(X)))
n
= yHXL X + (XD e p) + Y (XY
j=2
n
= =y {(X)” + (XD — (X771 + ) (x>
j=2
= —yZcangi (X', X1) + cangn—1 (X"71, X",
Hence @ is an isometry

(ST x H"™ ', —yfcangi + cangn—1) — (H]. (-,")).
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The stereographic projection from the south pole
w: ST B
1
x=01....,xp) > — (L, x1,...,Xn-1),
Xn
is a conformal diffeomorphism. It is easy to check that 7 is a well-defined diffeo-

morphism with inverse given by y = (y1,...,¥Vn) %(yz, ..., ¥n,1). For any
x €87 Vand X € T, S%~" the differential of 7 at x is given by

1 X
dem(X) = x—(o, Xi,.... Xn1) — x—;(l,xl,...,xn_l)
n

n

1
= E(_Xnaxnxl —X1Xn, s Xn Xn—1 — Xn—1Xy).

n

Therefore we get for the pull-back of the hyperbolic metric

1 n—1
(*cangn—1)x(X, X) = x_4{ X2+ ) (X, - x,-X,,)z}
n j=1

1 n—1 n—1 n—1
- F{ X2+ a2 X 20X, Y XX, +X,%Zx}}
n j=1 j=1 j=1

—— N——
1 n—1 2 ==—xnXn =1-x7
==Y X +=
X2 J )C2
n o;_ n
j=1
n
1
= — 2
5 2 X7
n j=1

that is, (m*cangn—1)x = xiz(can Si—l) »- We obtain an explicit diffeomorphism
U:=do(idxmn): S' xS - H,
1
(p = (pOs pl)s-x = (-xlv . e 7xn)) = x_(va plax17 o 7-xn—1)»
n

satisfying, for every (p,x) € St x §%71,

WM = (Gdx )" (@),
= ((id x 7)*(—m(x)3 cang1 + caan—1))x
5 1
= —n(x)]cang1 + —5 Cang—1

2
xn

1
= x—’%(—cansl +cansr1). (3.14)

This concludes the proof. |
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Following [O’Neill1983, Chap. 8, p. 228f], one defines the n-dimensional anti-
deSitter spacetime H {* to be the universal covering manifold of the pseudohyperbolic
space H{. For H { the sectional curvature is identically —1 and the scalar curvature
equals —n(n — 1). In physics, H 14 is important because it provides a vacuum solution
to Einstein’s field equation with cosmological constant A = —3.

The causality properties of H { are discussed in [O’Neill1983, Chap. 14, Exam-
ple 41]. It turns out that H { is not globally hyperbolic. The conformal diffeomorphism
constructed in Lemma 3.5.8 lifts to a conformal diffeomorphism of the universal cov-
ering manifolds:

¥ (R x Sj’r_l,—dt2 + cansrl) - (ﬁfl ()

such that for any (¢, x) € R! x S_’ﬁ_l C R! x R” one has
* _ 1 d 2
(v ((~,~)))(t’x) = x_2(_ t —l—cansi—l).
n

Then H { is conformally diffeomorphic to the causally compatible subset R x .S 1—1
of the globally hyperbolic Einstein cylinder. From the considerations above we will
derive existence of Green’s operators for the Yamabe operator Y, on anti-deSitter
spacetime H He

Definition 3.5.9. Let (M, g) be a Lorentzian manifold of dimension n > 3. Then the
Yamabe operator Y, acting on functions on M is given by

n—1

Y =4 > Og + scalg (3.15)

where [ denotes the d’ Alembert operator and scaly is the scalar curvature taken with
respect to g.

We perform a conformal change of the metric. To simplify formulas we write the
conformally related metric as § = ¢?~2g where p = nZT”z and ¢ is a positive smooth

function on M. The Yamabe operators for the metrics g and g are related by
Yeu = ¢'77 - Yq (pu), (3.16)

where u € C*°(M), see [Lee—Parker1987, p. 43, Eq. (2.7)]. Multiplying Y, with

—4.’(’;_21 y we obtain a normally hyperbolic operator
Pe=Op+ "2 sl
— - scaly.
g &y (n—1) g

Equation (3.16) gives for this operator

Pzu = @' "7 (Pg(gu)). (3.17)
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Now we consider this operator Pg on the Einstein cylinder R x S”~!. Since the
Einstein cylinder is globally hyperbolic we get unique advanced and retarded Green’s
operators G+ for P,. From Example 3.5.4 we know that R x § _’{:1 is a causally
compatible subset of the Einstein cylinder R x $”~!. By Proposition 3.5.1 we have
advanced and retarded Green’s operators for P, on R x § f’;l. From Equation (3.17)
and Remark 3.5.6 we conclude

Corollary 3.5.10. On the anti-deSitter spacetime H { the Yamabe operator possesses
advanced and retarded Green’s operators. O

Remark 3.5.11. It should be noted that the precise form of the zero order term of
the Yamabe operator given by the scalar curvature is crucial for our argument. On
(H 1, &) the scalar curvature is constant, scal; = —n(n — 1). Hence the rescaled
Yamabe operator is Pz = Oz — %n(n —2) =0z —c withc := }Tn - (n —2). For the
d’Alembert operator [z on (H 1, &) we have forany u € C ©(H H

Ogu = Pgu+c-u=¢@" PPe(pu) +c-u=¢""?(Pg+c- 9" *)(pu).

The conformal factor 9?2 tends to infinity as one approaches the boundary of R x .S _”;1
in R x $”~1. Namely, for (t,x) € R x S*~! one has by (3.14) p?72(t,x) = x;,2
where x,, denotes the last component of x € §”"~! C R”. Hence if one approaches
the boundary, then x,, — 0 and therefore 9?~2 = x,? — oo. Therefore one cannot
extend the operator Py + ¢ - 9?2 to an operator defined on the whole Einstein cylinder
R x §"~!. Thus we cannot establish existence of Green’s operators for the d’ Alembert
operator on anti-deSitter spacetime with the methods developed here.

How about uniqueness of fundamental solutions for normally hyperbolic operators
on anti-deSitter spacetime? We note that Theorem 3.1.1 cannot be applied for anti-
deSitter spacetime because the time separation function 7 is not finite. This can be seen
as follows: We fix two points x,y € R x § f’;l with x < y sufficiently far apart such
that there exists a timelike curve connecting them in {(p,x) € R x $"7! | x,, > 0}
having a nonempty segment on the boundary {(p,x) € R x S*~! | x,, = 0}.

\ R x Sn—l

Figure 29. The time separation function is not finite on anti-deSitter spacetime.
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By sliding the segment on the boundary slightly we obtain a timelike curve in the
upper half of the Einstein cylinder connecting x and y whose length with respect to
the metric xlz(—can 1 +can STl) in (3.14) can be made arbitrarily large. This is due

to the factor x% which is large if the segment is chosen so that x,, is small along it.
n

R x S_r:__l it

X y 1

\ R x 577!

Figure 30. The time separation function is not finite on anti-deSitter spacetime.

A discussion as in Remark 3.1.5 considering supports (see picture below) shows
that fundamental solutions for normally hyperbolic operators are not unique on the
upper half R x S 1_1 of the Einstein cylinder. The fundamental solution of a point y
in the lower half of the Einstein cylinder can be added to a given fundamental solution
of x in the upper half thus yielding a second fundamental solution of x with the same
support in the upper half.

Figure 31. Advanced fundamental solution in x on the (open) upper half-cylinder is not unique.

Since anti-deSitter spacetime and R x S f’;l are conformally equivalent we obtain
distinct fundamental solutions for operators on anti-deSitter spacetime as described in
Corollary 3.5.7.



4 Quantization

We now want to apply the analytical theory of wave equations and develop some
mathematical basics of field (or second) quantization. We do not touch the so-called
first quantization which is concerned with replacing point particles by wave functions.
As in the preceding chapters we look at fields (sections in vector bundles) which have
to satisfy some wave equation (specified by a normally hyperbolic operator) and now
we want to quantize such fields.

We will explain two approaches. In the more traditional approach one constructs a
quantum field which is a distribution satisfying the wave equation in the distributional
sense. This quantum field takes its values in selfadjoint operators on Fock space
which is the multi-particle space constructed out of the single-particle space of wave
functions. This construction will however crucially depend on the choice of a Cauchy
hypersurface.

It seems that for quantum field theory on curved spacetimes the approach of lo-
cal quantum physics is more appropriate. The idea is to associate to each (reason-
able) spacetime region the algebra of observables that can be measured in this re-
gion. We will find confirmed the saying that “quantization is a mystery, but second
quantization is a functor” by mathematical physicist Edward Nelson. One indeed
constructs a functor from the category of globally hyperbolic Lorentzian manifolds
equipped with a formally selfadjoint normally hyperbolic operator to the category of
C*-algebras. We will see that this functor obeys the Haag—Kastler axioms of a local
quantum field theory. This functorial interpretation of local covariant quantum field
theory on curved spacetimes was introduced in [Hollands—Wald2001], [Verch2001],
and [Brunetti-Fredenhagen—Verch2003].

It should be noted that in contrast to what is usually done in the physics literature
there is no need to fix a wave equation and then quantize the corresponding fields (e.g.
the Klein—Gordon field). In the present book, both the underlying manifold as well as
the normally hyperbolic operator occur as variables in one single functor.

In Sections 4.1 and 4.2 we develop the theory of C *-algebras and CCR-represen-
tations in full detail to the extent that we need. In the next three sections we construct
the quantization functors and check the Haag—Kastler axioms. The last two sections
are devoted to the construction of the Fock space and the quantum field. We will see
that the quantum field determines the CCR-algebras up to isomorphism. This relates
the two approaches to quantum field theory on curved backgrounds.

4.1 C*-algebras

In this section we will collect those basic concepts and facts related to C *-algebras that
we will need when we discuss the canonical commutator relations in the subsequent
section. We give complete proofs. Readers familiar with C *-algebras may skip this
section. For more information on C *-algebras see e.g. [Bratteli-Robinson2002-1].
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Definition 4.1.1. Let A be an associative C-algebra, let || - || be a norm on the C-vector
space A, and let *: A — A, a — a”, be a C-antilinear map. Then (4, || - ||, *) is
called a C*-algebra, if (A, || - ||) is complete and we have for all a, b € A:

1) a** =a (* is an involution)

(2) (ab)* = b*a*

3) llab|l < [la]| |6]] (submultiplicativity)
@) lla*|| = |lall ( is an isometry)
(5) lla*all = |lal|*  (C*-property).

A (not necessarily complete) norm on A satisfying conditions (1) to (5) is called a
C*-norm.

Example 4.1.2. Let (H, (-,-)) be a complex Hilbert space, let A = L(H) be the
algebra of bounded operators on H. Let || - || be the operator norm, i.e.,

lall ;= sup [lax]|.

X<
Ixl=1
Let a* be the operator adjoint to a, i.e.,
(ax,y) = (x,a*y) forallx, y € H.

Axioms 1 to 4 are easily checked. Using Axioms 3 and 4 and the Cauchy—Schwarz
inequality we see

lall> = sup |lax||* = sup (ax,ax) = sup (x,a*ax)
lxll=1 xll=1 lIxll=1
Axiom 3 Axiom 4 2
< sup [x|-[la*ax|| = la*all = |a*|-llall "=""llall*.

Ixl=1
This shows Axiom 5.
Example 4.1.3. Let X be a locally compact Hausdorff space. Put
A= Co(X)
:=={f: X — C continuous | for all & > 0 there exists a compact subset
K of X,sothat | f(x)| <eforallx € X \ K}.

We call Co(X) the algebra of continuous functions vanishing at infinity. If X is
compact, then A = Co(X) = C(X). All f € Cy(X) are bounded and we may define:

£ == sup [ f(x)].
xeX

Moreover let L
fHx) = f(x).

Then (Co(X), || - ||, *) is a commutative C *-algebra.
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Example 4.1.4. Let X be a differentiable manifold. Put
A= Cg°(X) := C®(X) N Co(X).

We call C§°(X) the algebra of smooth functions vanishing at infinity. Norm and *
are defined as in the previous example. Then (C§°(X), || - ||, *) satisfies all axioms of
a commutative C*-algebra except that (4, || - ||)) is not complete. If we complete this
normed vector space, then we are back to the previous example.

Definition 4.1.5. A subalgebra Ag of a C*-algebra A is called a C*-subalgebra if it
is a closed subspace and a* € Ag forall a € Ay.

Any C*-subalgebra is a C *-algebra in its own right.

Definition 4.1.6. Let S be a subset of a C*-algebra A. Then the intersection of all
C*-subalgebras of A containing S is called the C*-subalgebra generated by S.

Definition 4.1.7. An element a of a C *-algebra is called selfadjoint if a = a*.

Remark 4.1.8. Like any algebra a C *-algebra A has at most one unit 1. Namely, let
1’ be another unit, then

1=1-"=1.
Now we have foralla € 4
1*a — (l*a)** — (a*l**)* — (a*l)* — a** =a

and similarly one sees al* = a. Thus 1* is also a unit. By uniqueness 1 = 1%, i.e.,
the unit is selfadjoint. Moreover,

I = e = 2,

hence ||[1|| = 1 or ||1|| = 0. In the second case 1 = 0 and therefore A = 0. Hence we
may (and will) from now on assume that ||1|| = 1.

Example 4.1.9. (1) In Example 4.1.2 the algebra A = £(H) has aunit 1 = idgy.
(2)The algebra A = Co(X) has aunit f = 1 if and only if Co(X) = C(X), i.e.,
if and only if X is compact.

Let A be a C*-algebra with unit 1. We write A> for the set of invertible elements
in A. Ifa € A, then also a™ € A because

a* _(a—l)* — (a—la)* — 1* — 1’

and similarly (a~!)* -a* = 1. Hence (a*)™' = (a7 1)*.
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Lemma 4.1.10. Let A be a C*-algebra. Then the maps

AxA— A, (a,b)—a-+b,

CxA— A, (v,a)+ aa,

AxA— A, (a,b)r—a-b,
A — A%, a—a’l,

A — A, a— a*,
are continuous.

Proof. (a) The first two maps are continuous for all normed vector spaces. This easily
follows from the triangle inequality and from homogeneity of the norm.

(b) Continuity of multiplication. Let ag, by € A. Then we have foralla, b € A
with ||a — ag|| < € and ||b — by|| < &:

lab — aoboll = |lab — aob + aob — aobo||
< lla —aol - I1b]l + llaoll - [[b — boll
< ¢&(llb = boll + llboll) + llaoll -
< &(e + [Iboll) + llaoll - &

(¢) Continuity of inversion. Letayg € A*. Then we have for all ¢ € A with
la —aoll <& < llag'I™":

la™ — a5t = lla~" (a0 — a)ag |
-1 -1
< lla™" |- llao —al - llag"|

-1 -1 —1 -1
< (||a —aqy || + llag ||) e+ flag |-

Thus
(1—ellag'l) lla™" —ag'll <e-llag"?
>0, since e<[lag ! [|~!
and therefore » 71 e 1
la™ —ag | < m'“ao I~
(d) Continuity of * is clear because * is an isometry. |

Remark 4.1.11. If (A4, || - ||, *) satisfies the axioms of a C *-algebra except that (4, || - ||)
is not complete, then the above lemma still holds because completeness has not been
used in the proof. Let A be the completion of A with respect to the norm | - ||. By the
above lemma +, -, and * extend continuously to A thus making A into a C *-algebra.

Definition 4.1.12. Let A be a C*-algebra with unit 1. For a € A we call

ra(@)i={AeClA-1—ae A}
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the resolvent set of a and
oa(a) == C\ ra(a)

the spectrum of a. For A € rq(a)
A-1—a)ylte4
is called the resolvent of a at A. Moreover, the number
pa(a) = sup{|A[ | A € oa(a)}
is called the spectral radius of a.

Example 4.1.13. Let X be a compact Hausdorff space and let A = C(X). Then

A ={f e C(X)| f(x) #0forall x € X},
ocx)(f) = f(X) CC,
rex)(f) =C\ f(X),

pea(f) = £ lloo = max | f(x)].

Proposition4.1.14. Let A be a C*-algebra with unit 1 andleta € A. Theno(a) C C
is a nonempty compact subset and the resolvent

ra@) > A, A A-1—a)7 !,
is continuous. Moreover,
1 1
pa(a) = lim [a"|n = inf [la"[|" < |a].
n—o0 neN

Proof. (a)Let Ay € rq(a). For A € C with

A —ol < [(Rol —a) 7! 7! @.1
the Neumann series
o0
Y (o= A" (ol —a)™!
m=0

converges absolutely because
1o = 1) (Aol =)™ < Ao — A" - (Aol —a) ™"

Aol —a)7 1 \™
— 101 a7t (=)

<1by (4.1)
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Since A is complete the Neumann series converges in A. It converges to the resolvent
(Al —a)~! because

(=) 3" Cho = (ol — )™

m=0
= [(A = 20)1 + (Aol —a@)] Y (Ao — 1" (Aol —a) """
m=0
==Y o—A"" ol —a)™ 4+ Y (o — V)" (Rl —a)™"
m=0 m=0
=1.

Thus we have shown A € ry(a) for all A satisfying (4.1). Hence r4(a) is open and
o4(a) is closed.

(b) Continuity of the resolvent. We estimate the difference of the resolvent of a at
Ao and at A using the Neumann series. If A satisfies (4.1), then

|1 =)™ = (ol —a)” 1\|—)\Z(ko—x)m(xol—ar’"l (Aol =)' |

Z Ao — A" (Aol —a) ™!

Ao —Al- (Aol —a)7!|
1—[ho = Al (Aol =)~
(Aol —a)~t||?

L—|do = Al [(Rol —a)~ 1|
— 0 forA — Ag.

= |l —a)7"| -

= |Ao — Al

Hence the resolvent is continuous.

(c) We show pg(a) < inf, ||a”||% < liminf,_ ||a”||%. Let n € N be fixed and
let |A]" > |la™||. Each m € Ny can be written uniquely in the form m = pn + ¢, p,
q € Ng,0 < g <n — 1. The series

converges absolutely. Its limit is (A1 —a)~! because

(Al —a) (Z,\_m 1 m) - il_mam— ik—m—lam—i—l -
m=0 m=0



108 4. QUANTIZATION

and similarly
o0
( Z )L_m_lam) (Al—a) = 1.
m=0

Hence for |A|" > ||a” || the element (A1 —a) is invertible and thus A € r4(a). Therefore
pa(@) < inf fla" |7 < liminf [la" | .
neN n—o00
(d) We show p4(a) > limsup,,_, o, [la” ||%. We abbreviate p(a) := lim sup,,_, o, ||a” ||%.
Case 1: p(a) = 0. If a were invertible, then
L= |1] = lla"a™"| < la"]| - lla™"||
would imply 1 < p(a) - p(a~') = 0, which yields a contradiction. Therefore a & A*.

Thus 0 € o4(a). In particular, the spectrum of a is nonempty. Hence the spectral
radius p4(a) is bounded from below by 0 and thus

pla) =0 < pa(a).
Case 2: p(a) > 0. Ifa, € A are elements for which R, := (1 —a,)~! exist, then
a, —>0 <& R, —1.

This follows from the fact that the map A* — A*, a +— a~!

Lemma 4.1.10. Put

, 1s continuous by

§i={AeC[Al = pla)}.

We want to show that S ¢ r4(a) since then there exists A € g4(a) such that |A| > p(a)
and hence

pa(a) = |A| = p(a).

Assume in the contrary that S C rq(a). Let w € C be an n-th root of unity, i.e.,

o™ = 1. For A € S we also have wik € S C rq(a). Hence there exists

and we may define
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We compute
a” 1 n o n wk(l—l)al—l 6()klal wkay—1
(15 )R = L o3 (== ) (=)
k=11=1
1 n o n wk(l—l)al—l

-1
"k111 A
n n
_ I-1\k
= Zﬂ Z( )
_foifl>2
Tlnifl =1
= 1.

Similarly one sees Ry (a, /\)(1 — i—Z) = 1. Hence
a’ -1
Ry(a, X)) = (1 — /\_")
forany A € S C r4(a). Moreover for A € S we have
a" \7! a"\ !
11— o
(- 5a) - (-5)
1 & wka\-1 wka\-1
LSl gey - -2
n ]; ‘ ( p(a)) ( A )

k k k

n _ k _
| (R (R N

L EIER ) (R ) )

< [p(a) = Al - lla] - sup Iz1 —a)~H)%.
ze

The supremum is finite since z > (z1 — a)~! is continuous on r4(a) D S by part (b)
of the proof and since for |z| > 2 - ||a|| we have

1 llal||™ 2 1
zl—a 1<—E < — < —.
n=0
<($Hn

Outside the annulus §2||a|| 0) — p(a)(O) the expression |(z1 — a)~!|| is bounded by
Tal a" and on the compact annulus it is bounded by continuity.
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<z

Figure 32. ||(z1 — @)~ '|| is bounded.

Put
C :=|la| - sup [I(z1 —a)~"||*.

zeS
We have shown
IRn(a,p(a)) = Rala. V)|l = C - |p(a) — A
foralln € Nandall A € S. Putting A = p(a) + % we obtain

n

- C
0-5) - (-Faem) =5

———
—0 for n—00

—1 forn—>o00
thus
imsap (1= 575) " 1] <5
im su - —
n—>oop P(a)n J
for all j € N and hence
n

imw | (1~ 5Gw) 1=

(1 — 521)")_1 — 1

— 0. 4.2)

For n — oo we get

and thus

On the other hand we have

1 1 1
la" AT < a7 - a7

™A - a7

Na| "D - ||a |
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1 . . : .
Hence the sequence (||a” || )n < 1s monotonically nonincreasing and therefore

N

B(a) = limsup [[a¥ | * < |a"||* foralln e N.

k—o00

Thus 1 < la"l for all n € N , in contradiction to (4.2).

pla)”
(e) The spectrum is nonempty. If o(a) = @, then pg(a) = —oo contradicting
. 1
pa(a) = lim, oo [l@”||7 > 0. O

Definition 4.1.15. Let A be a C *-algebra with unit. Then a € A4 is called
e normal, if aa®* = a*a,
e an isometry, if a*a = 1, and

e unitary,ifa*a = aa™ = 1.

Remark 4.1.16. In particular, selfadjoint elements are normal. In a commutative
algebra all elements are normal.

Proposition 4.1.17. Let A be a C*-algebra with unit andlet a € A. Then the following
holds:

(1) o4(a*) = oa(a) = {1 € C | X € o4(a)}.

() Ifa € A%, then o4(a™ ') = o4(a)™ L.

(3) If a is normal, then pa(a) = ||a].

(4) Ifa is an isometry, then pg(a) = 1.

(5) Ifa is unitary, then o4(a) C S' C C.

(6) Ifa is selfadjoint, then o4(a) C [—|la|. |a||] and moreover o4(a*) C [0, ||a||?].

(7) If P(2) is a polynomial with complex coefficients and a € A is arbitrary, then

0a(P(@) = P(04(@) = {PQ) | & € oa(a)}.

Proof. We start by showing assertion (1). A number A does not lie in the spectrum of a
if and only if (A1 —a) is invertible, i.e., if and only if (A1 —a)* = A1 —a* is invertible,
i.e., if and only if A does not lie in the spectrum of a*.

To see (2) let a be invertible. Then 0 lies neither in the spectrum o 4(a) of a nor in
the spectrum o4(a~') of a~!. Moreover, we have for A # 0

M—a=2Xa(@a -1
and

A —a ' =1"ta 7 a - AL).

-1

Hence Al — a is invertible if and only if A~!'1 — a™! is invertible.
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To show (3) let a be normal. Then a*a is selfadjoint, in particular normal. Using
the C*-property we obtain inductively

n n n n n n
la®" 12 = @) *a®" || = @) a®" | = |(@*a)*"|
n—I1 n—I1 n—I1
= l@*a)*" @ a)* | = |l@*a)*" |2
= .o = [la*a®" = lla*""".
Thus :
. n —_— .
pa(@) = lim [[a®' |77 = lim [la]| = [a].
n—oo n—oo

To prove (4) let a be an isometry. Then
la" > = ll(@")*a"|| = ll(@*)"a"|| = I = 1.
Hence 1
pala) = la™ |7 = 1.

lim
n—>oo
For assertion (5) let a be unitary. On the one hand we have by (4)

og(a) C{AeC||A| <1}

On the other hand we have

04@) L 2@ = oa@ D) Loa@ .

Both combined yield o4(a) C S!.

To show (6) let a be selfadjoint. We need to show o4(a) C R. Let A € R with
A7l > |la||. Then | —iA™!| = A7 ! > p(a) and hence 1 4+ idla = iA(—iA~! +a)is
invertible. Put

U:=(0—ila)(1+ika)™ L.

Then U* = (1 +ila) " H)*(A —ida)* = (1—ira*)™ - (1+ika*) = (1 —ila)™"-
(1 + i Aa) and therefore
U*U = —ida) ' - (1 4+ira)(1 —ira)(1 +ila)™!
=1 —-ira) "0 —ira)A +ira)(1 +ira)”!
=1.
Similarly UU* = 1, i.e., U is unitary. By (5) 04(U) C S'. A simple computation
with complex numbers shows that
[(1—id)(1 +idn) =1 <« peR.
Thus (1 —iAu)(1 +iip)~! -1 —U is invertible if 4 € C \ R. From
A—irp)(1 +idw)™ - 1-U
=1 +izp) (A —idp)(1+ida)l — (1 +idp)(1 —ida))(1 +ika)™!
=2iA(1 + i) Ya—p)(A +irp)!
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we see that @ — w1 is invertible for all w € C \ R. Thus u € rq4(a) forall p € C \ R
and hence o4(a) C R. The statement about o4 (a?) now follows from part (7).
Finally, to prove (7) decompose the polynomial P(z) — A into linear factors

n
Pz)—-A=«- H(aj —z), a,a; €C.
=1
We insert an algebra element a € A:
n
P@—-M=a-[]@1-a.
1

j=

Since the factors in this product commute the product is invertible if and only if all
factors are invertible.! In our case this means

Ae GA(P(a)) & at least one factor is noninvertible
& o) € 04(a) for some j
& A = P(aj) € P(oa(a)). O

Corollary 4.1.18. Let (A, || - ||, %) be a C*-algebra with unit. Then the norm || - || is
uniquely determined by A and x.

Proof. For a € A the element a*a is selfadjoint and hence by Proposition 4.1.17 (3)
lall” = lla*all = pa(a*a)
depends only on A and x*. |
Definition 4.1.19. Let A and B be C *-algebras. An algebra homomorphism
n:A— B
is called *-morphism if for all a € A we have
7(a*) = n(a)*.
A map 7: A — A is called x-automorphism if it is an invertible *-morphism.

Corollary 4.1.20. Let A and B be C *-algebras with unit. Each unit-preserving *-mor-
phism . A — B satisfies
@l = lal

forall a € A. In particular, 7w is continuous.

IThis is generally true in algebras with unit. Let b = aj ...a, with commuting factors. Then b is
invertible if all factors are invertible: 5~! = a;'...a7!. Conversely, if b is invertible, then a;"! =

| j#i @j where we have used that the factors commute.



114 4. QUANTIZATION

Proof. Fora € A*
@)@ ) =n(aa ) ==n() =1

holds and similarly 7(a~')m(a) = 1. Hence n(a) € B> with n(a)™' = mw(a™).
Now if A € r4(a), then
M —7(a) = (Al —a) € 7(A*) C B*,

i.e., A € rg(m(a)). Hence rq(a) C rp(m(a)) and op(w(a)) C o4(a). This implies
the inequality

pB(m(a)) = pa(a).
Since 7 is a *-morphism and a*a and 7 (a)*7(a) are selfadjoint we can estimate the
norm as follows:

Iz(@)? = (@) 7 (@) = pp(n(@)*7(a)) = pp(r(a*a))
< pa(a*a) = |la|l?. 0

Corollary 4.1.21. Let A be a C*-algebra with unit. Then each unit-preserving *-auto-
morphism w: A — A satisfies for all a € A:

z(@ll = lal.

Proof.
Iz @] < llall = l=~" (z(@)] < 7(@)]. O

We extend Corollary 4.1.21 to the case where 7 is injective but not necessarily onto.
This is not a direct consequence of Corollary 4.1.21 because it is not a priori clear that
the image of a *-morphism is closed and hence a C *-algebra in its own right.

Proposition 4.1.22. Let A and B be C*-algebras with unit. Each injective unit-
preserving x-morphism w: A — B satisfies

@) = llal
foralla € A.

Proof. By Corollary 4.1.20 we only have to show || (a)| > |la||. Once we know this
inequality for selfadjoint elements it follows for all @ € 4 because

Im@|? = l|n@* 7 @] = |z@*a)| = lla*a| = |a|.

Assume there exists a selfadjoint element @ € A such that ||7(a)| < |a|. By
Proposition 4.1.17 o4(a) C [—|la], |la||]] and pa(a) = |la||, hence ||a| € o4(a) or
—llall € 04(a). Similarly, o (7 (a)) C [=[lz(a)]]. |7 (a)]]]-

Choose a continuous function f: [—|la], ||a]]] — R such that f vanishes on
[—llw(@)], |r(a)|]] and f(—]|lal) = f(|la]l) = 1. By the Stone—Weierstrass theo-
rem we can find polynomials Py such that || /' — Py ||co—ja|,jayy —> 0asn — oo. In
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particular, || Pa | co -z (@ Ix@imn = 1/ = Pallcoq—jz@iIx@m — 0asn = oo.
We may and will assume that the polynomials P, are real.

From o(Py(7(a))) = Pu(op((a))) C Pu([—llm(a)ll. |7 (a)]]) we see

| Pa((@)]l = p5(Pa((a))) < max | Py([—||z(@)l. [m(@)[])] = 0

and thus
lim P,(mw(a)) =0.
n—>oo

The sequence (P, (a)), is a Cauchy sequence because

| Pn(a) — Pm(a)|l = pa(Pn(a) — Pn(a))
< max |(Pp — Pp)([—lall, llalD]
= 1P = Pmllcoq—jal.lal)
< 1Pn = fllcog=ral,taim + If = Pmllicoq—jai,iann-

Denote its limit by f(a) € A. Since ||a| € o4(a) or —||a| € o4(a) and since
f(£llall) = 1 we have

[ f(@)ll = lim [[Pa(a)ll = lim pp(Pn(a)) = lim [Py(%[al)] = 1.
n—00 n—00 n—oo

Hence f(a) # 0. But n(f(a)) = n(limy—e Pp(a)) = limy_o 7(Py(a)) =
limy,— o0 Py (7(a)) = 0. This contradicts the injectivity of . |

4.2 The canonical commutator relations

In this section we introduce Weyl systems and CCR-representations. They formalize
the “canonical commutator relations” from quantum field theory in an “exponentiated
form” as we shall see later. The main result of the present section is Theorem 4.2.9
which says that for each symplectic vector space there is an essentially unique CCR-
representation. Our approach follows ideas in [Manuceaul968]. A different proof of
this result may be found in [Bratteli-Robinson2002-1I, Sec. 5.2.2.2].

Let (V, w) be a symplectic vector space, i.e., V is a real vector space of finite or
infinite dimension and w: V x V — R is an antisymmetric bilinear map such that
(@, ) = 0forall ¥ € V implies ¢ = 0.

Definition 4.2.1. A Weyl system of (V, w) consists of a C *-algebra A with unit and a
map W : V — A such that for all g, € V we have
@ W) =1,
(i) W(—¢) = W(p)*,
(i) W(p) - W(y) = e @2 W(p + ).

Condition (iii) says that W is a representation of the additive group V in A up to
the “twisting factor” e ~'®(®¥)/2 Note that since V is not given a topology there is no
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requirement on W to be continuous. In fact, we will see that even in the case when V/
is finite-dimensional and so V' carries a canonical topology W will in general not be
continuous.

Example 4.2.2. We construct a Weyl system for an arbitrary symplectic vector space
(V,w). Let H = L?(V, C) be the Hilbert space of square-integrable complex-valued
functions on V' with respect to the counting measure, i.e., H consists of those functions
F: V — C that vanish everywhere except for countably many points and satisfy

1F12, = 3 IF(@)? < oo
eV

The Hermitian product on H is given by

(F.G)p2 =) _ F(g)-G(g).

peV

Let A := £(H) be the C *-algebra of bounded linear operators on H as in Exam-
ple 4.1.2. We define the map W: V — A by

(W(p)F)(¥) := '@ VI2 F(g + y).

Obviously W(¢) isabounded linear operatoron H forany ¢ € V and W(0) = idyg = 1.
We check (ii) by making the substitution y = ¢ + :

(W@F.G)2 = Y (We)F)¥) G(¥)

veV

=Y e 0@N2 F(p + ) G(y)

VeV

= Y ele@x=02 F(3) G(x - ¢)
XEV

_ ZW-F(){)-G(X—‘P)
XEV

=Y F(y)-e“C*P2.G(x - ¢)
xevV

= (F,W(=¢)G) 2.

Hence W(p)* = W(—¢). To check (iii) we compute
W@V F)(x) = COR W) F) e + 1)
= ¢ ®@0/2 (l0W0TD/2 P 4 ¥ 4+ )
= ¢! 0W9)/2 (i@ HV0/2 B + 3 + o)
= e YO Wi+ v)F) ().



4.2. THE CANONICAL COMMUTATOR RELATIONS 117

Thus W(p)W () = e ®@¥/2 W(p + ). Let CCR(V, w) be the C *-subalgebra of
£(H) generated by the elements W(¢p), ¢ € V. Then CCR(V, w) together with the
map W forms a Weyl-system for (V, w).

Proposition 4.2.3. Let (A, W) be a Weyl system of a symplectic vector space (V, w).
Then

(1) W(e) is unitary for each ¢ € V,

@) [W(p) =Wl =2forallp.y €V, o # ¥,
(3) The algebra A is not separable unless V = {0},

(4) the family {W(¢)}pev is linearly independent.

Proof. From W(p)*W(p) = W(—p) W(p) = 9 W(0) = 1 and similarly
W(p) W(p)* = 1 we see that W(gp) is unitary.
To show (2) let ¢, ¥ € V with ¢ # . For arbitrary y € V we have

WO W =) W)™ = W) Wie — ) W(n*
= e XTI W+ o —y) W(—y)
= ¢ i00e—¥)/2 j~io(x+o—¥,—x)/2 W +o—v—y)
= ¢ io(o—¥) W(p —¥).
Hence the spectrum satisfies
aa(W(p =) = oa(W() Wip =) W(n)™") = e "X oy (W(p — ¥)).

Since ¢ —y # 0 the real number w(y, ¢ — ) runs through all of R as y runs through V.
Therefore the spectrum of W(p — ) is U(1)-invariant. By Proposition 4.1.17 (5)
the spectrum is contained in S! and by Proposition 4.1.14 it is nonempty. Hence
oa(W(p —v¥)) = S and therefore

oa(e V02 W(p —y)) = ST

Thus o4(e!®W9)/2 W(p — ) — 1) is the circle of radius 1 centered at —1. Now
Proposition 4.1.17 (3) says

'O W(p =) = 1]l = pa(e PO W(p —y) —1) =2.
From W(p) — W () = W)W W)* W(p)—1) = W) (V92 W(p—y)—1)

we conclude
IW(p) — WW)lII?
= [|(W(p) — W) *(W(p) — W)
= [[(" Y2 W(p —y) — )* W)* W) (V92 W(p —y) — 1|
= ("2 W(p —y) — )* (VO W(p —y) - )|
= le"*VO2 W(p —y) — 1|
=4.
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This shows (2). Assertion (3) now follows directly since the balls of radius 1 centered
at W(g), ¢ € V, form an uncountable collection of mutually disjoint open subsets.

We now show (4). Let ¢; € V, j = 1,...,n, be pairwise different and let
Z;-;lajW((pj) = 0. We show @y = --- = a, = 0 by induction on n. The case
n = 1 is trivial by (1). Without loss of generality assume o, 7# 0. Hence

n—1

Wign) = Y —LW(g))

Jj=1

and therefore

1= W(‘pn)*W((Pn)

n—1
= > LW Wig)
j=1 "

n—1
-y ~Y pmieCen e 2 (g; — g,)
Un

j=1
n—1
= BiW(p; —¢a)
j=1
where we have put 8; := %ei‘”(‘p" 9;)/2_ For an arbitrary ¥ € V we obtain

L=W)-1-W(=y)
n—1

= Z BiWW)W(p; — o) W(=¥)
j=1
n—1

_ Z ﬁje—iw(w,fpj—wn)W(% — ).
Jj=1

From

n n

-1 -1
BiW(pj —on) =Y Bie VU IW(p; — )
=1 =1

J J
we conclude by the induction hypothesis

,3j — ﬁje—iw(w,w_;—wn)
forall j =1,...,n — 1. If some B; # 0, then e 1@(W.9j=¢n) — 1 hence

for all ¥ € V. Since w is nondegenerate ¢; — ¢, = 0, a contradiction. Therefore all
B; and thus all ¢; are zero, a contradiction. O
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Remark 4.2.4. Let (A, W) be a Weyl system of the symplectic vector space (V, w).
Then the linear span of the W(p), ¢ € V, is closed under multiplication and under *.
This follows directly from the properties of a Weyl system. We denote this linear span
by (W(V)) C A. Now if (A’, W’) is another Weyl system of the same symplectic
vector space (V, w), then there is a unique linear map 7 : (W(V)) — (W/(V)) deter-
mined by 7 (W(¢)) = W’(g). Since 7 is given by a bijection on the bases {W(¢)},ev
and {W’'(¢)},ey it is a linear isomorphism. By the properties of a Weyl system 7 is a
*-isomorphism. In other words, there is a unique *-isomorphism such that the follow-
ing diagram commutes:

(W' ()

W T”
y M .

Remark 4.2.5. On (W(V)) we can define the norm
H Xw:awW(ga)Hl = Xw: lag|.

This norm is not a C *-norm but for every C*-norm || - || on (W(V')) we have by the
triangle inequality and by Proposition 4.2.3 (1)

lallo < llallx (4.3)
foralla € (W(V)).
Lemma 4.2.6. Let (A, W) be a Weyl system of a symplectic vector space (V, w). Then
lallmax := sup{llallo [ | - llo is a C*-norm on (W(V))}
defines a C*-norm on (W(V)).

Proof. The given C*-norm on A restricts to one on (W(V)), so the supremum is not
taken on the empty set. Estimate (4.3) shows that the supremum is finite. The properties
of a C*-norm are easily checked. E. g. the triangle inequality follows from

la 4 blimax = sup{lla + bllo |l - llo is a C*-norm on (W(V))}
< sup{llallo + bllo || - llo is a C*-norm on (W(V))}
=< sup{llallo || - llo is a C*-norm on (W(V'))}
+ sup{[[bllo [l - lo is a C*-norm on (W(V))}
= [l llmax + 15 /lmax-

The other properties are shown similarly. |

Lemma 4.2.7. Let (A, W) be a Weyl system of a symplectic vector space (V, w). Then
the completion (W(V))max of (W(V)) with respect to || - ||max is simple, i.e., it has no
nontrivial closed twosided x-ideals.
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Proof. By Remark 4.2.4 we may assume that (A4, W) is the Weyl system constructed in
Example 4.2.2. In particular, (W(V')) carries the C*-norm || - ||op, the operator norm
given by (W(V)) € £(H) where H = L?(V,C).

Let I C (W(V)) " be a closed twosided *-ideal. Then Iy := I N C - W(0)
is a (complex) vector subspace in C - W(0) = C -1 =~ C and thus Iy = {0} or
Io = C - W(0). If Iy = C - W(0), then I contains 1 and therefore I = (W(V)) .
Hence we may assume Iy = {0}.

Now we look at the projection map P: (W(V)) — C - W(0), P(Z(p a,W(p)) =
aoW(0). We check that P extends to a bounded operator on (W(V))max. Let 8o €
L?(V,C) denote the function given by §0(0) = 1 and §o(¢) = O otherwise. For

a=73,a,W(p)andy € V we have

(@-80)(W) = (Z ay W((p)BO)(W) = (Z ap e @)/ 280)(<p +v)
4 %

—a_y U — g

and therefore
(0.a-80)2 = Y So(¥)(a-80)(¥) = (a-50)(0) = ap.
velV
Moreover, ||§o|| = 1. Thus

IP(@)[max = llaoW(O)lmax = laol = [(60.a-S0)r2| =< llallop = llallmax

which shows that P extends to a bounded operator on (W(V))max.
Nowleta e I C (W(V))max. Fix ¢ > 0. We write
n
a=aoW(0)+ Y a; Wig)) +r
Jj=1
where the ¢; # 0 are pairwise different and the remainder term r satisfies ||7 ||max < €.
For any ¢ € V we have

I3 W) aW(=y) =aW©) + Y _a;e V) W(g)) + r(y)

j=1
where ||r(w)||max = “W(l/f)rW(_w)”max =< ||r||max < ¢e. If we choose I/II and I//2
such that e 19W1:¢n) = _e=i@(W¥2.0n) then adding the two elements

n
aoW(0) + Zaj e WD W) +r(yn) €1,
j=1

n
aoW(0) + Y a; e V29D W(g;) + () €
j=1
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yields
n—1
aoW(0) + > a; W(g)) +r el
j=1

r@+r@n) ”
2

where ||71 ||max = H < 8T+8 = ¢&. Repeating this procedure we eventu-

ally get

max

agWO)+r, el

where |7, ||max < €. Since ¢ is arbitrary and [ is closed we conclude
P(a) =dy W(O) € Iy,

thus ag = 0.

Fora = Zw ay, W(p) € I and arbitrary € V we have W(y)a € I as well,
hence P(W(y)a) = 0. This means a_y = O for all ¥, thus @ = 0. This shows
I ={0}. O

Definition 4.2.8. A Weyl system (A, W) of a symplectic vector space (V, w) is called a
CCR-representation of (V, w) if A is generated as a C *-algebra by the elements W (¢p),
@ € V. In this case we call A a CCR-algebra of (V, w)

Of course, for any Weyl system (A4, W) we can simply replace A by the C *-subal-
gebra generated by the elements W(p), ¢ € V, and we obtain a CCR-representation.

Existence of Weyl systems and hence CCR-representations has been established in
Example 4.2.2. Uniqueness also holds in the appropriate sense.

Theorem 4.2.9. Let (V, w) be a symplectic vector space and let (A1, W) and (A, W)
be two CCR-representations of (V, w).
Then there exists a unique *-isomorphism 7w : A1 — A such that the diagram

Az

EJT
141 :

Vv —— A,
commutes.

Proof. We have to show that the x-isomorphism 7 : (W1(V)) — (W,(V)) as con-
structed in Remark 4.2.4 extends to an isometry (A1, || - ||1) = (Az2, || - ||2). Since the
pull-back of the norm || - ||2 on A, to (W (V)) via 7 is a C *-norm we have || (a)|>» <
| |lmax for all a € (W1(V)). Hence 7 extends to a *x-morphism (Wl(V))mX — A,.
By Lemma 4.2.7 the kernel of  is trivial, hence = is injective. Proposition 4.1.22

e — 1111 D.¢

implies that w: (W1 (V)) L || * lmax) = (A2, - ||2) is an isometry.
In the special case (A1, | - [|1) = (42, - ||2) where 7 is the identity this yields
Il - lmax = Il |1- Thus for arbitrary A, the map 7 extends to an isometry (A1, |- |1) —

(A2, [ - ll2)- O
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From now on we will call CCR(V, w) as defined in Example 4.2.2 the CCR-algebra
of (V, w).

Corollary 4.2.10. CCR-algebras of symplectic vector spaces are simple, i.e., all unit
preserving *-morphisms to other C*-algebras are injective.

Proof. Direct consequence of Corollary 4.1.20 and Lemma 4.2.7. (|

Corollary 4.2.11. Let (V1,w1) and (V2,w,) be two symplectic vector spaces and
let S: Vi — V, be a symplectic linear map, i.e., w2(S, SY¥) = wi(p, V) for all

®, 1// e V.
Then there exists a unique injective x-morphism

CCR(S) CCR(V] s a)l) — CCR(Vz, 0)2)

such that the diagram

V1 V2

WI\L iwz
S
CCR(Vy, 1) — 28 CCR(Vy, w2)

commutes.

Proof. One immediately sees that (CCR(V2, w,), W, 0.S) is a Weyl system of (V7, w1).
Theorem 4.2.9 yields the result. (|

From uniqueness of the map CCR(S) we conclude that CCR(idy) = idccr(y,w)
and CCR(S; o 1) = CCR(S>) o CCR(S7). In other words, we have constructed a
functor

CCR: SymplVec — C*-Alg

where SymplVec denotes the category whose objects are symplectic vector spaces and
whose morphisms are symplectic linear maps, i.e., linearmaps A: (V1,w1) — (Va, w3)
with A*w, = w;. By C*-Alg we denote the category whose objects are C *-alge-
bras and whose morphisms are injective unit preserving x-morphisms. Observe that
symplectic linear maps are automatically injective.

In the case V7 = V), the induced *-automorphisms CCR(S) are called Bogoliubov
transformation in the physics literature.

4.3 Quantization functors

In the preceding section we introduced the functor CCR from the category SymplVec of
symplectic vector spaces (with symplectic linear maps as morphisms) to the category
C*-Alg of C*-algebras (with unit preserving *-monomorphisms as morphisms). We
want to link these considerations to Lorentzian manifolds and the analysis of normally
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hyperbolic operators. In order to achieve this we introduce two further categories which
are of geometric-analytical nature.

So far we have treated real and complex vector bundles E over the manifold M
on an equal footing. From now on we will restrict ourselves to real bundles. This is
not very restrictive since we can always forget a complex structure and regard complex
bundles as real bundles. We will have to give the real bundle E another piece of
additional structure. We will assume that E comes with a nondegenerate inner product
(-,-). This means that each fiber Ey is equipped with a nondegenerate symmetric
bilinear form depending smoothly on the base point x. In other words, (-,-) is like a
Riemannian metric except that it need not be positive definite.

We say that a differential operator P acting on sections in E is formally selfadjoint
with respect to the inner product (-, -) of E, if

/1‘4(P<P,¢)dV=/M(<P,PW)dV

forall o,y € D(M, E).

Example 4.3.1. Let M be an n-dimensional time-oriented connected Lorentzian mani-
fold with metric g. Let E be areal vector bundle over M with inner product (-, -). Let
V be a connection on E. We assume that V is metric with respectto (-, -), i.e.,

Ix (e, v) = (Vxo,¥) + (¢, Vx )

for all sections ¢,y € C*®(M, E). The inner product induces an isomorphism?
w: E — E* ¢+ (g,-). Since V is metric we get

(Vx (=¢)) -y = dx (=)y) — (=¢)(Vxy¥) = Ix (@, ¥) — (¢, Vx V)
= (Vxo,¥) = (=(Vxp)) - ¥,
hence
Vx (=¢) == (Vxp).
Equation (3.2) says for all ¢, ¥ € C*®°(M, E)

(=) - (AVY) = > &V, (=) - Ve, — div(V1).

i=1
thus
n
(0.0VY) = > 5i(Ver0, Ve, ¥r) — div(1),
i=1

where V; is a smooth vector field with supp(V;) C supp(p) Nsupp(¥) and ey, ..., e,
is a local Lorentz orthonormal tangent frame, &; = g(e;, ¢;). Interchanging the roles

’Incase E = T'M with the Lorentzian metric as the inner product we write b instead of 5= and #} instead
of =~! Henceif E = T*M wehave == = #f and =~ ! =b.



124 4. QUANTIZATION

of ¢ and { we get

OV ¥) = e (Ve . Ve, ) — div(V2),

i=1

and therefore
(. OVy) — OV, y) = div(Va — V7).

If supp(¢) N supp(y) is compact we obtain
[ .ot nav- [ @iy = [ avea-rav o
M M M

thus OV is formally selfadjoint. If, moreover, B € C*(M,End(E)) is selfadjoint
with respect to (-, -), then the normally hyperbolic operator P = IV + B is formally
selfadjoint.

As a special case let E be the trivial real line bundle. In other words, sections in £
are simply real-valued functions. The inner product is given by the pointwise product.
In this case the inner product is positive definite. Then the above discussion shows that
the d’ Alembert operator [ is formally selfadjoint and, more generally, P = [0 + B
is formally selfadjoint where the zero-order term B is a smooth real-valued function
on M. This includes the (normalized) Yamabe operator P, discussed in Section 3.5,
the Klein—-Gordon operator P = [0 4+ m? and the covariant Klein—-Gordon operator
P = O + m? + « scal, where m and « are real constants.

Example 4.3.2. Let M be an n-dimensional time-oriented connected Lorentzian mani-
fold. Let AKT*M be the bundle of k-forms on M. The Lorentzian metric induces a
nondegenerate inner product (-, -) on A¥T* M, which is indefinite if 1 < k < n — 1.
Let d: C®(M,A*T*M) — C®(M, A*T1T*M) denote exterior differentiation.
Let §: C®°(M,A*T*M) — C°(M, A*='T*M) be the codifferential. This is the
unique differential operator formally adjoint to d, i.e.,

[M<d<p,w>dv - fM«o,sde

forall g € D(M, AKT*M) and v € D(M, AKT1T*M). Then the operator
P=d8§+68d: C®(M,A*T*M) — C®(M, A*T*M)

is obviously formally selfadjoint. The Levi-Civita connection induces a metric con-
nection V on the bundle A*T*M. The Weitzenbéck formula relates P and OV,
P = 0OV + B where B is a certain expression in the curvature tensor of M, see
[Besse1987, Eq. (12.92')]. In particular, P and 0V have the same principal symbol,
hence P is normally hyperbolic.

The operator P appears in physics in different contexts. Let M be of dimension
n = 4. Let us first look at the Proca equation describing a spin-1 particle of mass
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m > 0. The quantum mechanical wave function of such a particle is given by A €
C>®(M, A'T*M) and satisfies

S§dA +m?A = 0. (4.4)

Applying § to this equation and using §> = 0 and m # 0 we conclude §4 = 0. Thus
the Proca equation (4.4) is equivalent to

(P +m*A =0

together with the constraint 64 = 0.

Now we discuss electrodynamics. Let M be a 4-dimensional globally hyper-
bolic Lorentzian manifold and assume that the second deRham cohomology vanishes,
H?(M;R) = {0}. By Poincaré duality, the second cohomology with compact sup-
ports also vanishes, H2(M;R) = {0}. See [Warner1983] for details on deRham
cohomology.

The electric and the magnetic fields can be combined to the field strength F €
D(M, A2T*M). The Maxwell equations are

dF =0 and 6F =J

where J € D (M, A'T* M) is the current density. From H?(M;R) = 0 we have that
dF = Oimplies the existence of avector potential A € D(M, A'T* M) withdA = F.
Now 84 € D(M,R) and by Theorem 3.2.11 we can find f € C(M,R) with
Of =8A. Weput A’ := A—df. WeseethatdA’' = dA = F and 64’ = §A—8df =
A — O f = 0. A vector potential satisfying the last equation §4’ = 0 is said to be in
Lorentz gauge. From the Maxwell equations we conclude §d A’ = §F = J. Hence

PA = J.

Example 4.3.3. Next we look at spinors and the Dirac operator. These concepts are
studied in much detail on general semi-Riemannian manifolds in [Baum1981], see also
[Bar—Gauduchon—Moroianu2005, Sec. 2] for an overview.

Let M be an n-dimensional oriented and time-oriented connected Lorentzian mani-
fold. Furthermore, we assume that M carries a spin structure. Then we can form the
spinor bundle ©M over M . This is a complex vector bundle of rank 2"/2 or 2(*~1)/2
depending on whether 7 is even or odd. This bundle carries an indefinite Hermitian
product 4.

The Dirac operator D: C®°(M,XM) — C*°(M, X M) is a formally selfadjoint
differential operator of first order. The Levi-Civita connection induces a metric con-
nection V on ¥ M. The Weitzenbock formula says

1
p? =0+ Zscal.

Thus D? is normally hyperbolic. Since D is formally selfadjoint so is D?.
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If we forget the complex structure on ¥ M, i.e., we regard XM as a real bundle,
and if we let (-, ) be given by the real part of &, then the operator P = D? is of the
type under consideration in this section.

Now we define the category of globally hyperbolic manifolds equipped with nor-
mally hyperbolic operators:

Definition 4.3.4. The category GlobHyp is defined as follows: The objects of GlobHyp
are triples (M, E, P) where M is a globally hyperbolic Lorentzian manifold, £ — M
is areal vector bundle with nondegenerate inner product, and P is a formally selfadjoint
normally hyperbolic operator acting on sections in E.

A morphism (My, E1, P1) — (M», E;, P;) in GlobHyp is a pair (f, F) where
f: My — M, is a time-orientation preserving isometric embedding so that f(M;) C
M, is a causally compatible open subset. Moreover, F': E1 — E; is a vector bundle
homomorphism over f which is fiberwise an isometry. In particular,

E,—f-E,

L,

M] *>M2

commutes. Furthermore, F has to preserve the normally hyperbolic operators, i.e.,

P
D(My, Ey) —= D(My, Ey)

ext ‘/ |/ ext

P
D(My, Ey) —2> D(Ma, E»)

commutes where ext(p) denotes the extension of F o g o f~1 € D(f(M,), E;) to
all of M, by 0.

Notice that a morphism between two objects (M1, E1, P1) and (M5, E,, P») can
exist only if My and M> have equal dimension and if £; and E; have the same rank.
The condition that f(M;) C M, is causally compatible does not follow from the
fact that M; and M, are globally hyperbolic. For example, consider M, = R x S'!
with metric —dt? + cang: and let M; C M, be a small strip about a spacelike helix.
Then M; and M, are both intrinsically globally hyperbolic but M; is not a causally
compatible subset of M.
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Figure 33. The spacelike helix M is not causally compatible in M>.

Lemma 4.3.5. Let M be a globally hyperbolic Lorentzian manifold. Let E — M be a
real vector bundle with nondegenerate inner product (-, -). Consider a formally selfad-
Jjoint normally hyperbolic operator P with advanced and retarded Green’s operators
G+ as in Corollary 3.4.3. Then

/ (G, y)dV = / (0. Gy) dV @.5)
M M

holds for all o, € D(M, E).

Proof. The proof is basically the same as that of Lemma 3.4.4. Namely, for Green’s
operators we have PG+ = idp(um, ) and therefore we get

/(Gw,wdv:j (Gig. PGx¥) dV
M M

=f <PGi¢,G¢w>dV=/ (0. G ) AV
M M

where we have made use of the formal selfadjointness of P in the second equality.
Notice that supp(G+¢) N supp(Gxy) C Ji” (supp(p)) N Jg (supp(v)) is compact
in a globally hyperbolic manifold so that the partial integration is justified.
Alternatively, we can also argue as follows. The inner product yields the vector
bundle isomorphism =: £ — E* e > (e,-), as noted in Example 4.3.1. Formal
selfadjointness now means that the operator P corresponds to the dual operator P *
under ==*. Now Lemma 4.3.5 is a direct consequence of Lemma 3.4.4. |
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If we want to deal with Lorentzian manifolds which are not globally hyperbolic
we have the problem that Green’s operators need not exist and if they do they are in
general no longer unique. In this case we have to provide the Green’s operators as
additional data. This motivates the definition of a category of Lorentzian manifolds
with normally hyperbolic operators and global fundamental solutions.

Definition 4.3.6. Let LorFund denote the category whose objects are 5-tuples
(M,E,P,G4+,G_) where M is a time-oriented connected Lorentzian manifold, £
is a real vector bundle over M with nondegenerate inner product, P is a formally self-
adjoint normally hyperbolic operator acting on sections in £, and G+ are advanced
and retarded Green’s operators for P respectively. Moreover, we assume that (4.5)
holds for all p, ¥ € D(M, E).

Let X = (M], Eq, Py, G1,+, Glj_) andY = (Mz, E,, P, G2,+, G2,_) be two ob-
jectsin LorFund. If M is not globally hyperbolic, then we let the set of morphisms from
X to Y be empty unless X = Y in which case we put Mor(X, Y) := {(idps,.1idEg,)}.

If M, is globally hyperbolic, then Mor(X, Y') consists of all pairs (f, F') with
the same properties as those of the morphisms in GlobHyp. It then follows from
Proposition 3.5.1 and Corollary 3.4.3 that we automatically have compatibility of the
Green’s operators, i.e., the diagram

DMy, Er) —— D(Ms, E>)

Gl,iL JGz,i

C®(My, E1) <=~ C®(M,, E»)

commutes. Here res stands for “restriction”. More precisely, res(¢) = F~logo f.
Composition of morphisms is given by the usual composition of maps.

The definition of the category LorFund is such that nontrivial morphisms exist only
if the source manifold M is globally hyperbolic while there is no such restriction on
the target manifold M,. It will become clear in the proof of Lemma 4.3.8 why we
restrict to globally hyperbolic M.

By Corollary 3.4.3 there exist unique advanced and retarded Green’s operators G+
for a normally hyperbolic operator on a globally hyperbolic manifold. Hence we can
define

SOLVE(M,E,P):=(M,E,P,G4,G_)
on objects of GlobHyp and
SOLVE(f, F) := (f, F)

on morphisms.



4.3. QUANTIZATION FUNCTORS 129

Lemma 4.3.7. This defines a functor SOLVE: GlobHyp — LorFund.

Proof. We only need to check that SOLVE( f, F) = (f, F) is actually a morphism in
LorFund, i.e., that ( f, F) is compatible with the Green’s operators. By uniqueness of
Green’s operators on globally hyperbolic manifolds it suffices to show thatres oG, 4 o
ext is an advanced Green'’s operator on M and similarly for G, . Since f(M;) C M,

is a causally compatible connected open subset this follows from Proposition 3.5.1.
O

Next we would like to use the Green’s operators in order to construct a symplectic
vector space to which we can then apply the functor CCR. Let (M, E, P, G4+, G_) be
an object of LorFund. Using G = G4 — G_: D(M, E) — C*®(M, E) we define

&: D(M,E)x D(M,E) —> R
by
S, ) = /M (G, ) dv. 46)

Obviously, @ is R-bilinear and by (4.5) it is skew-symmetric. But @ does not make
D (M, E) a symplectic vector space because @ is degenerate. The null space is given

by
ker(G) ={p € DM, E)|Gp =0} ={p € D(M.E)|G1p = G_g}.

This null space is infinite dimensional because it certainly contains P(D (M, E)) by
Theorem 3.4.7. In the globally hyperbolic case this is precisely the null space,

ker(G) = P(D(M, E)),

again by Theorem 3.4.7. On the quotient space V(M, E,G) := D(M, E)/ ker(G) the
degenerate bilinear form @ induces a symplectic form which we denote by w.

Lemma4.3.8. Let X = (M], Eq, P1, G1,+, Glj_) andY = (Mz, E,, P>, G2’+, sz_)
be two objects in LorFund. Let (f, F) € Mor(X, Y) be a morphism.

Then ext: D(My, E1) — D(M,, E;) maps the null space ker(Gy) to the null
space ker(G,) and hence induces a symplectic linear map

VM, E1,Gy) = V(M3 Ez, G).

Proof. If the morphism is the identity, then there is nothing to show. Thus we may
assume that M is globally hyperbolic. Let¢ € ker(G;). Theng = Py forsome ¢ €
D (M, Eq) because M; is globally hyperbolic. From G, (ext ¢) = Ga(ext(P1v)) =
G2 (P2 (exty)) = 0 we see that ext(ker(G1)) C ker(G,). Hence ext induces a linear
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map V(My, E1,G1) = V(M3, E>, G3). From

a~)2(ext(p,ext1ﬂ)=[ (Gaexto,exty)dV
M>

= / (res Goext @, W) dV
M,

f (Gig. ) dV
M,
= &51 ((p7 W)

we see that this linear map is symplectic. |

We have constructed a functor from the category LorFund to the category SymplVec
by mapping each object (M, E, P,G4+, G_)to V(M, E, G+ —G_) and each morphism
(f, F) to the symplectic linear map induced by ext. We denote this functor by SYMPL.

We summarize the categories and functors we have defined so far in the following
scheme:

GlobHyp SymplVec
SOLVE  SYMPL CCR
LorFund C*-Alg

Figure 34. Quantization functors.

4.4 Quasi-local C *-algebras

The composition of the functors CCR and SYMPL constructed in the previous sections
allows us to assign a C *-algebra to each time-oriented connected Lorentzian manifold
equipped with a formally selfadjoint normally hyperbolic operator and Green’s opera-
tors. Further composing with the functor SOLVE we no longer need to provide Green’s
operators if we are willing to restrict ourselves to globally hyperbolic manifolds. The
elements of this algebra are physically interpreted as the observables related to the field
whose wave equation is given by the normally hyperbolic operator.
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“Reasonable” open subsets of M are time-oriented Lorentzian manifolds in their
own right and come equipped with the restriction of the normally hyperbolic operator
over M. Hence each such open subset O yields an algebra whose elements are consid-
ered as the observables which can be measured in the spacetime region O. This gives
rise to the concept of nets of algebras or quasi-local algebras. A systematic exposition
of quasi-local algebras can be found in [Baumgirtel-Wollenberg1992].

Before we define quasi-local algebras we characterize the systems that parametrize
the “local algebras”. For this we need the notion of directed sets with orthogonality
relation.

Definition 4.4.1. A set [ is called a directed set with orthogonality relation if it carries
a partial order < and a symmetric relation L between its elements such that

(1) foralla, B € I thereexistsay € [ witha <y and 8 <y,

(2) forevery o € [ thereisa f € I witha Lp,

(3) ifea < Band Ly, thena Ly,

(4) if LB and @ Ly, then there existsad € I suchthat 8 <6,y < § and o L§.

In order to handle non-globally hyperbolic manifolds we need to relax this definition
slightly:

Definition 4.4.2. A set [ is called a directed set with weak orthogonality relation if
it carries a partial order < and a symmetric relation L between its elements such that
conditions (1), (2), and (3) in Definition 4.4.1 are fulfilled.

Obviously, directed sets with orthogonality relation are automatically directed sets
with weak orthogonality relation. We use such sets in the following as index sets for
nets of C*-algebras.

Definition 4.4.3. A (bosonic) quasi-local C*-algebra is a pair (U, {Ay}, ;) of a C*-
algebra 2 and a family {4 },c; of C*-subalgebras, where [ is a directed set with
orthogonality relation such that the following holds:

(1) Ay, C Ag whenever a0 < B.
(2) A =, Uy where the bar denotes the closure with respect to the norm of 2.

(3) The algebras 2, have a common unit 1.
(4) If LB the commutator of Ay, and Ag is trivial: [ﬂ[a, 915] = {0}.

Remark 4.4.4. This definition is a special case of the one in [Bratteli-Robinson2002-1,
Def. 2.6.3] where there is in addition an involutive automorphism o of 2. In our case
o = id which physically corresponds to a bosonic theory. This is why one might call
our version of quasi-local C *-algebras bosonic.

Definition 4.4.5. A morphism between two quasi-local C *-algebras (2, {2 }yer) and
(B, {Bg}pes) is a pair (¢, P) where ®: A — B is a unit-preserving C *-morphism
and ¢: I — J is a map such that:
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(1) ¢ is monotonic, i.e., if &7 < oz in I then ¢(o1) < @(c2) in J,
(2) ¢ preserves orthogonality, i.e., if o1 Loy in 1, then ¢(aq) Lo (o) in J,
(3) ®(Ay) C By(q) foralla € 1.

The composition of morphisms of quasi-local C *-algebras is just the composition
of maps, and we obtain the category QuasiLocAlg of quasi-local C*-algebras.

Definition 4.4.6. A weak quasi-local C*-algebra is a pair (U, {Wy},c;) of a C*-
algebra 2 and a family {4 },c; of C*-subalgebras, where [ is a directed set with
weak orthogonality relation such that the same conditions as in Definition 4.4.3 hold.
Morphisms between weak quasi-local C *-algebras are defined in exactly the same way
as morphisms between quasi-local C *-algebras.

This yields another category, the category of weak quasi-local C*-algebras
QuasiLocAlg,,..c- We note that QuasiLocAlg is a full subcategory of QuasiLocAlg,,ea-

Next we want to associate to any object (M, E, P, G4+, G_) in LorFund a weak
quasi-local C *-algebra. For this we set

I := {0 C M | O is open, relatively compact, causally compatible,
globally hyperbolic } U {@, M }.

On [ we take the inclusion C as the partial order < and define the orthogonality relation
by
0L0 :«JMO)NnO =0.

This means that two elements of I are orthogonal if and only if they are causally
independent subsets of M in the sense that there are no causal curves connecting a
point in O with a point in O’. Of course, this relation is symmetric.

Lemma 4.4.7. The set I defined above is a directed set with weak orthogonality
relation.

Proof. Condition (1) in Definition 4.4.1 holds with y = M and (2) with 8 = 0.
Property (3) is also clear because O C O’ implies JM (0) c JM(0"). |

Lemma 4.4.8. Let M be globally hyperbolic. Then the set I is a directed set with
(non-weak) orthogonality relation.

Proof. In addition to Lemma 4.4.7 we have to show Property (4) of Definition 4.4.1.
Let O1, 05, 03 € I with JM(0;) N O, = @ and JM (0;) N O3 = @. We want to
find O4 € I with O, U O3 C O4 and JM(O_l) N 0_4 = 0.

Without loss of generality let 01, O, O3 be non-empty. Now none of Oq, O5,
and O3 can equal M. In particular, O, O,, and Oj are relatively compact. Set
Q:= M\ JM(0;). By LemmaA.5.11 the subset  of M is causally compatible and
globally hyperbolic. The hypothesis JM (0;) N 0, = @ = JM(0;) N O3 implies
0, U O3 C Q. Applying Proposition A.5.13 with K := O, U O3 in the globally
hyperbolic manifold €2, we obtain a relatively compact causally compatible globally
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hyperbolic open subset O4 C 2 containing O, and O3. Since 2 is itself causally
compatible in M, the subset Oy is causally compatible in M as well. By definition of
Qwehave 04 C Q@ = M\JM(0y),ie.,JM(0)NO4 = @. This shows Property (4)
and concludes the proof of Lemma 4.4.8. O

Remark 4.4.9. If M is globally hyperbolic, the proof of Proposition A.5.13 shows
that the index set I would also be directed if we removed M from it in its definition.
Namely, for all elements O, O, € [ different from @ and M, the element O from
Proposition A.5.13 applied to K := O, U O3 belongs to 1.

Now we are in the situation to associate a weak quasi-local C *-algebra to any object
(M,E,P,G+,G-) in LorFund.

We consider the index set I as defined above. For any non-empty O € I we take the
restriction £ | and the corresponding restriction of the operator P to sections of E|¢.
Due to the causal compatibility of O C M the restrictions of the Green’s operators
G+, G_ to sections over O yield the Green’s operators Gf, GO for P on O, see
Proposition 3.5.1. Therefore we get an object (O, E|o, P, Gf, G9) foreach O € I,
O #90.

For § # O; C O, the inclusion induces a morphism tp,,0, in the category
LorFund. This morphism is given by the embeddings O; — O, and E|g, — E|o0,.
Letao,,0, denote the morphism CCR o SYMPL(.¢,,0, ) in C*-Alg. Recall that@p,,0,
is an injective unit-preserving *-morphism.

Wesetfor® # O € [

(Vo,wo) := SYMPL(O, E|o, P,G¢,G?)
andforOel,0 #0,0 # M,
Ao = apy,0 (CCR(Vp,wo0)).

Obviously, forany O € I, O # @, O # M the algebra % is a C *-subalgebra of
CCR(Viyr, wpr). For O = M we define 2y as the C*-subalgebra of CCR(Vys, wpr)
generated by all 2,

QIM = C*( U ao).
oel
0#£0.0£M
Finally, for O = @ we set Ay = C - 1. We have thus defined a family {A o} s of
C*-subalgebras of Ajpy.

Lemmad4.4.10. Let (M, E, P,G+,G_) beanobjectinLorFund. Then (Aps,{Ao}oer)
is a weak quasi-local C*-algebra.

Proof. We know from Lemma 4.4.7 that [ is a directed set with weak orthogonality
relation.

Itis clear that Apr = |Jpe; Ao because M belongs to /. By construction it is also
clear that all algebras 2 ¢ have the common unit W(0), 0 € V3s. Hence Conditions (2)
and (3) in Definition 4.4.3 are obvious.

By functoriality we have the following commutative diagram:
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CCR(Vo, 00) —2% CCR(Vir, opr)

ao/'oi /
M.,O

CCR(Vor,wor) .

Since ag,o is injective we have Ao C Aps. This proves Condition (1) in Defini-
tion 4.4.3.

Letnow O, O’ € I be causally independent. Letp € D(0, E)andy € D(0', E).
It follows from supp(Ge) C JM(0) that supp(Ge) N supp(y) = @, hence

/ (Go.y)dV = 0.
M

For the symplectic form w on D (M, E)/ ker(G) this means w(¢, ) = 0, where we
denote the equivalence class in D (M, E)/ ker(G) of the extension to M by zero of ¢
again by ¢ and similarly for . This yields by Property (iii) of a Weyl-system

Wip) - W) = Wip + ) = WH) - Wip),

i.e., the generators of Ao commute with those of Ap,. Therefore [Ap,Ap/] = 0.
This proves (4) in Definition 4.4.3. a

Next we associate a morphism in QuasiLocAlg,., to any morphism (f, F) in
LorFund between two objects (M1, E1, P1,G14,G1-) and (M3, E3, P>,Goy,Ga).
Recall that in the case of distinct objects such a morphism only exists if M is globally
hyperbolic. Let I; and I, denote the index sets for the two objects as above and
let (Unr, . {Ao}oer, ) and (Bar,. {Bo}oes, ) denote the corresponding weak quasi-
local C*-algebras. Then f maps any O; € I, O # My, to f(O1) which is an
element of I, by definition of LorFund. We get a map ¢: I; — I, by M1 — M,
and O; — f(0y)if Oy # M;. Since f is an embedding such that /(M) C M is
causally compatible, the map ¢ is monotonic and preserves causal independence.

We now consider the morphism ® = CCR o SYMPL( f, F): CCR(Vp,, wMm,) —
CCR(Vu,, wpm, ). From the commutative diagram of inclusions and embeddings

0,— 0,
floll iﬂoz
f(ON)— M,
we See
oAo,)

= CCR(SYMPL( f, F)) o CCR(SYMPL (157.0,))(CCR(Vo, . w0, ))
= CCR(SYMPL (141, £(0,))) © CCR(SYMPL(f |0, . F | 51, ))(CCR(Vo, . 0,))

C am,, £(01)(CCR(Vy(0,), @f(01)))
=Br0))-
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This also implies ®(Apr,) C B, Therefore the pair (¢, Plar,,, ) is a morphism in
QuasiLocAlg,eqx- We summarize

Theorem 4.4.11. The assignments (M,E,P,G4,G-) — (UApy.{Wo}oc;) and
(/. F) = (¢. @|ay,, ) yield a functor LorFund — QuasiLocAlg,eq.

Proof. If f =idpy and F = idg, then ¢ = id; and ® = idg,,. Similarly, the compo-
sition of two morphisms in LorFund is mapped to the composition of the corresponding
two morphisms in QuasiLocAlg,cax- O

Corollary 4.4.12. The composition of SOLVE and the functor from Theorem 4.4.11
vields a functor GlobHyp — QuasiLocAlg. One gets the following commutative dia-
gram of functors:

SOLVE
GlobHyp LorFund

QuasiLocAlg - - QuasiLocAlg,eax
inclusion

Figure 35. Functors which yield nets of algebras.

Proof. Let (M, E, P) be an object in GlobHyp. Then we know from Lemma 4.4.8
that the index set I associated to SOLVE(M, E, P) is a directed set with (non-weak)
orthogonality relation, and the corresponding weak quasi-local C *-algebra is in fact a
quasi-local C*-algebra. This concludes the proof since QuasiLocAlg is a full subcate-
gory of QuasiLocAlg,eax- O

Lemmad4.4.13. Let (M, E, P) be anobjectin GlobHyp, and denote by (Wpr, {Wo toer)
the corresponding quasi-local C*-algebra. Then

Apr = CCRoSYMPL o SOLVE(M, E, P).

Proof. Denote the right-hand side by 2. By definition of 2, we have 2, C .

In order to prove the other inclusion write (M, E, P,G+,G_) := SOLVE(M, E, P).
Then SYMPL(M, E, P,G+,G_-) is given by Vjy = D(M, E)/ ker(G) with symplec-
tic form wyys induced by G. Now A is generated by

€ ={Wg) | ¢ € DM, E)}
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where W is the Weyl system from Example 4.2.2 and [¢] denotes the equivalence
class of ¢ in Vjs. For given ¢ € D(M, E) there exists a relatively compact glob-
ally hyperbolic causally compatible open subset O C M containing the compact set
supp(¢) by Proposition A.5.13. For this subset O we have W([¢p]) € . Hence we
get & C Upes Yo C Apr which implies A C Apy. O

Example 4.4.14. Let M be globally hyperbolic. All the operators listed in Exam-
ples 4.3.1 to 4.3.3 give rise to quasi-local C*-algebras. These operators include the
d’ Alembert operator, the Klein—Gordon operator, the Yamabe operator, the wave oper-
ators for the electro-magnetic potential and the Proca field as well as the square of the
Dirac operator.

Example 4.4.15. Let M be the anti-deSitter spacetime. Then M is not globally hy-
perbolic but as we have seen in Section 3.5 we can get Green’s operators for the
(normalized) Yamabe operator P, by embedding M conformally into the Einstein
cylinder. This yields an object (M, M x R, P,, G4+, G_) in LorFund. Hence there is
a corresponding weak quasi-local C*-algebra over M.

4.5 Haag—Kastler axioms

We now check that the functor that assigns to each object in LorFund a quasi-local
C*-algebra as constructed in the previous section satisfies the Haag—Kastler axioms
of a quantum field theory. These axioms have been proposed in [Haag—Kastler1964,
p- 849] for Minkowski space. Dimock [Dimock1980, Sec. 1] adapted them to the case
of globally hyperbolic manifolds. He also constructed the quasi-local C *-algebras for
the Klein—Gordon operator.

Theorem 4.5.1. The functor LorFund — QuasiLocAlg,e.« from Theorem 4.4.11 satis-
fies the Haag—Kastler axioms, that is, for every object (M, E, P, G4+, G_) in LorFund
the corresponding weak quasi-local C*-algebra (Npr,{Wo}ocy) satisfies:

(1) If O1 C O, then Ao, C Wop, forall 01,0, € 1.
2) Ay = Uo oer  Upo.

#0, O#£M

(3) If M is globally hyperbolic, then Ny is simple.

(4) The Ao’s have a common unit 1.

(5) Forall O, O, € I with J(O_l) N O, = @ the subalgebras Ao, and o, of Ay
commute: [No,, Wo,] = {0}.

(6) (Time-slice axiom) Let O1 C O be nonempty elements of I admitting a common
Cauchy hypersurface. Then o, = Uop,.

(7) Let Oy, O, € I and let the Cauchy development D(O,) be relatively compact
in M. If Oy C D(O), then Ao, C Np,.

Remark 4.5.2. Itcan happen that the Cauchy development D (O) of a causally compat-
ible globally hyperbolic subset O in a globally hyperbolic manifold M is not relatively
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compact even if O itself is relatively compact. See the following picture for an example
where M and O are “lens-like” globally hyperbolic subsets of Minkowski space:

_N—D(0) M

— ~~
— ™~~~
~ o~

~—l | L

Figure 36. Cauchy development D(O) is not relatively compact in M.

This is why we assume in (7) that D(O,) is relatively compact.

Remark 4.5.3. Instead of (3) one often finds the requirement that 2, should be primi-
tive for globally hyperbolic M. This means that there exists a faithful irreducible repre-
sentation of s on a Hilbert space. We know by Lemma 4.4.13 and Corollary 4.2.10
that Ay, is simple, i.e., that (3) holds. Simplicity implies primitivity because each
C *-algebra has irreducible representations [Bratteli-Robinson2002-1, Sec. 2.3.4].

Proof of Theorem 4.5.1. Only axioms (6) and (7) require a proof. First note that ax-
iom (7) follows from axioms (1) and (6):

Let O1, 0, € I, let the Cauchy development D(O;) be relatively compact in
M, and let O; C D(0,). By Theorem 1.3.10 there is a smooth spacelike Cauchy
hypersurface ¥ C O;. It follows from the definitions that D(0,) = D(X). Since O,
is causally compatible in M the hypersurface ¥ is acausal in M. By Lemma A.5.9
D(X) is a causally compatible and globally hyperbolic open subset of M. Since
D(0,) = D(X) is relatively compact by assumption we have D(0;) € I.

Axiom (6) implies Ap, = Ap(p,). By axiom (1) Ap, C Ap(o,) = Ao,.

It remains to show the time-slice axiom. We prepare the proof by first deriving
two lemmas. The first lemma is of technical nature while the second one is essentially
equivalent to the time-slice axiom.

Lemma 4.5.4. Let O be a causally compatible globally hyperbolic open subset of a
globally hyperbolic manifold M. Assume that there exists a Cauchy hypersurface ¥
of O which is also a Cauchy hypersurface of M. Let h be a Cauchy time-function on
O as in Corollary 1.3.12 (applied to O). Let K C M be compact. Assume that there
existsat € R with K C Ii”(h_l(t)).

Then there is a smooth function p: M — [0, 1] such that

* p = 1 on aneighborhood of K,
* supp(p) N JM(K) C M is compact, and

e {xeM|0<px)<1}NJM(K) is compact and contained in O.
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Remark 4.5.5. Similarly, if instead of K C IM (h™1(t)) we have K C IM (h™1(1))
for some ¢, then we can find a smooth function p: M — [0, 1] such that

* p = 1 on a neighborhood of K,
* supp(p) N Jf (K) C M is compact, and

e {xeM|0<px)<1}n Jﬁl(K) is compact and contained in O.

Proof of Lemma 4.5.4. By assumption there exist real numbers 7_ < ¢4 in the range of
h suchthat K C If(S,Jr), hence also K C If(S,_), where S; := h™1(¢). Since S; is
a Cauchy hypersurface of O and since O and M admit acommon Cauchy hypersurface,
it follows from Lemma A.5.10 that S;_ and S, are also Cauchy hypersurfaces of M.
Since Jﬁ” (Sr,) and JM (S, ) are disjoint closed subsets of M there exists a smooth

function p: M — [0, 1] such that pl!f(sur) =land p| ,, s = 0.
K M
{p=1}
o
Sty
{0<p<1}
Si_

T — ly=u

Figure 37. Construction of p.

We check that p has the three properties stated in Lemma 4.5.4. The first one
follows from K C If (Sr,)-

Since Plimes, ) = 0, we have supp(p) C Jfru (S;_). It follows from Lemma A.5.3
applied to the past-compact subset J ﬁ{” (S;_) of M that J f (S;_)NJM(K) is relatively
compact, hence compact by Lemma A.5.1. Therefore the second property holds.

The closed set {0 < p < 1} N JM(K) is contained in the compact set supp(p) N
JM (K), hence compact itself.
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The subset {0 < p < 1} of M lies in JW{M(SL) N Jf”(StJr). We claim that
JJIFW(S,_) N Jf’I(S,+) C O which will then imply {0 < p <1} N JM(K) Cc O
and hence conclude the proof.

Assume that there exists p € ny (S, )nJM (S7,) but p & O. Choose a future
directed causal curve c: [s—,s+] — M from §;_to S;, through p. Extend this curve
to an inextendible future directed causal curve ¢: R — M. Let I’ be the connected
component of ¢! (0) containing s_. Then I’ C R is an open interval and c|;- is an
inextendible causal curve in O. Since p ¢ O the curve leaves O before it reaches S;__,
hence s4 ¢ I'. But Sy, is a Cauchy hypersurface in O and so there must be an s € I’
with ¢(s) € S, . Therefore the curve ¢ meets S, at least twice (namely in s and in
s4) in contradiction to S;, being a Cauchy hypersurface in M. |

Lemma 4.5.6. Let (M, E, P) be an object in GlobHyp and let O be a causally com-

patible globally hyperbolic open subset of M. Assume that there exists a Cauchy

hypersurface X of O which is also a Cauchy hypersurface of M. Let ¢ € D(M, E).
Then there exist ¥, y € D(M, E) such that supp(y) C O and

o =1v+ Py.

Proof of Lemma 4.5.6. Let h be atime-function on O as in Corollary 1.3.12 (applied to
0). Fixt_ < t; € R inthe range of h. By Lemma A.5.10 the subsets S;_ := h~1(t_)
and §;, = h~!(ty) are also Cauchy hypersurfaces of M. Hence every inextendible
timelike curve in M meets S;_ and Sy, . Since 7 <z the set {Ii” (S, IM (Sr.)}
is a finite open cover of M.

Let {f}, f-} be a partition of unity subordinated to this cover. In particular,
supp(fx) C I (Siz). Set K+ := supp(fe) = supp(¢) N supp(fx). Then K is
a compact subset of M satisfying K+ C Ii” (Stz)- Applying Lemma 4.5.4 we obtain
two smooth functions p4, p—: M — [0, 1] satisfying

* p+ = 1 in a neighborhood of K,
e supp(p+) N Jﬁ’[ (K+) C M is compact, and
e {0<pr <1I}nN Jg (K1) is compact and contained in O.

Set y+ := p+Gx(f1p), x := x+ + x— and ¥ := ¢ — P y. By definition, y4, x,
and Y are smooth sections in £ over M. Since supp(Gx(fL¢)) C J!F"I (supp(fx¢)) C
J%’I (K1), the support of y+ is contained in supp(p+) N J%’I (K1), which is compact
by the second property of p.. Therefore y € D(M, E).

It remains to show that supp() is compact and contained in O. By the first property
of p1 one has y+ = Gx(fi¢) in a neighborhood of K. Moreover, f-¢ = 0 on
{p+ = 0}. Hence Py+ = fip on{p+ = 0} U {p+ = 1}. Therefore fi¢ — Py+
vanishes outside {0 < p1 < 1}, i.e., supp(frep — Py+) C {0 < p+ < 1}. By the
definitions of y+ and fi one also has supp(fr¢ — Py+) C Ky U JJIF”(Ki) =
lerf’l(Ki), hence supp(frgp — Py+) C{0 < pr <1} N J}F”(Ki), which is compact
and contained in O by the third property of p. Therefore the support of ¥ = f4 ¢ —
Pyy + f—¢ — Py_ is compact and contained in O. This shows Lemma 4.5.6. [
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End of proof of Theorem 4.5.1. The time-slice axiom in Theorem 4.5.1 follows
directly from Lemma 4.5.6. Namely, let O; C O, be nonempty causally compatible
globally hyperbolic open subsets of M admitting a common Cauchy hypersurface.
Let [p] € Vo, := D(0,, E)/ker(Gop,). Lemma 4.5.6 applied to M := O, and
O := O, yields y € D(0,, E)and ¥ € D(04, E) such that ¢ = ext ¥ 4+ P y. Since
Py € ker(Gop,) we have [p] = [ext ], that is, [¢] is the image of the symplectic
linear map Vo, — Vo, induced by the inclusion O; < O,, compare Lemma 4.3.8.
We see that this symplectic map is surjective, hence an isomorphism. Symplectic
isomorphisms induce isomorphisms of C *-algebras, hence the inclusion Ao, C Ao,
is actually an equality. This proves the time-slice axiom and concludes the proof of
Theorem 4.5.1. |

4.6 Fock space

In quantum mechanics a particle is described by its wave function which mathematically
is a solution u to an equation Pu = 0. We consider normally hyperbolic operators
P in this text. The passage from single particle systems to multi particle systems is
known as second quantization in the physics literature. Mathematically it requires
the construction of the quantum field which we will do in the subsequent section. In
this section we will describe some functional analytical underpinnings, namely the
construction of the bosonic Fock space.

We start by describing the symmetric tensor product of Hilbert spaces. Let H denote
a complex vector space. We will use the convention that the Hermitian scalar product
(-,-)on H is anti-linear in the first argument. Let H,, be the vector space freely gener-
atedby H x---x H (n copies), i.e., the space of all finite formal linear combinations of
elements of H x---x H. Let V}, be the vector subspace of H,, generated by all elements
of the form (vy, ..., vk, ..., Vn)—C- (U1, .oty Vs Un), (V1o V0L, V) —
W1y ooy Ve, U)—(V1, ., v,/c, <.svp)and (vi, ..., V)= (Vg (1), - - - » Vo (n)) Where
vj, vj/. € H, c € C and o a permutation.

Definition 4.6.1. The vector space O;ﬁg H = H,/V, is called the algebraic n-th
symmetric tensor product of H. By convention, we put @glg H :=C.

For the equivalence class of (vy,...,v,) € Hy in @Zlg H we write v; © -+- © vy,.
The map y: H X -+ x H — legH given by y(v1,...,0,) = V1 © -+ © vy is
multilinear and symmetric. The algebraic symmetric tensor product has the following
universal property.

Lemma 4.6.2. For each complex vector space W and each symmetric multilinear map

o: H x---x H — W there exists one and only one linear map & : OZIg H—->W
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such that the diagram
Hx---xH

NS

O:lg H = w

commutes.
Proof. Uniqueness of & is clear because
a(vy © - Ouvy) =a(vy,...,vy,) 4.7

and the elements v; ® -+ © v, generate QZ]g H.
To show existence one defines & by Equation 4.7 and checks easily that this is well
defined. |

The algebraic symmetric tensor product ()
characterized by

:]g H inherits a scalar product from H

VIO QUp,w O~ Owy) = Z(Ula wo(l)) ---(vmwa(n))
o

where the sum is taken over all permutations ¢ on {1,...,n}.

Definition 4.6.3. The completion of @Zlg H with respect to this scalar product is called
the n-th symmetric tensor product of the Hilbert space H and is denoted ()" H. In
particular, OO H=C.

Remark 4.6.4. If {e;};cg is an orthonormal system of H where ¢ is some ordered
index set, then {e;, ® -+ © ¢;,}j, <<, forms an orthogonal system of ()" H. For
each ordered multiindex J = (j,..., j,) there is a corresponding partition of n,
n=ki+---+kj, given by

jl == jk] < jk1+1 == jk1+k2 <-- < jk1+'"+k171+1 == ]n
We compute
2
”ell G)G>e/n ” = Z(e./]’eja(l))"'(e.jl1’eja(n))
o

:#{0 | (ja(l)v-'~vjo(n)) = (]lv’Jn)}
=ki!... k.

In particular,
1< lej, ©---@e, | < Val.



142 4. QUANTIZATION

The algebraic direct sum Fyo(H) = @:fé’nzo (" H carries a natural scalar
product, namely

(o, w1, wa....). (o, U1 U2, ... )) = D (Wn.ty)

n=0
where wy,, u, € O" H.

Definition 4.6.5. We call F,,(H) the algebraic symmetric Fock space of H. The
completion of ¥y, (H ) withrespect to this scalar product is denoted ¥ (H ) and is called

the bosonic or symmetric Fock space of H. The vector @ ;=1 € C = @0 H C
Fag(H) C ¥ (H) is called the vacuum vector.

The elements of the Hilbert space & (H ) are therefore sequences (wg, w1, W3, . ..)
with w, € O" H such that
o0
S a2 < oc.
n=0

Fixve H. . Themapo: H x:--x H — @"+1H,a(v1,...,vn) =0V 0O
-++ ® vy, is symmetric multilinear and induces a linear map « : @Zlg H — @"+1 H,
V1O QU > VOV OO vy, by Lemma4.6.2. We compute the operator norm

of &. Without loss of generality we can assume ||v|| = 1. We choose the orthonormal
system {e; } jeg of H such that v belongs to it. If v is perpendicular to all ej, , ..., e},
then

laej; ©---Oej)ll = [vOe; ©---O¢ll = e ©---Oejll.
If v is one of the ¢;, , say v = ¢;,, then

la(e, ©-- 0 e)lI> = (ki + D! .. k!
= (ki + Dlej, ©@--- 0 ¢, |17

Thus in any case
latej, @ @)l = Vn+1llej, O Oe, |l

and equality holds for e;, = -+ = e;, = v. Dropping the assumption [v|| = 1 this

shows
&l = ~/n + 1]|v].
Hence « extends to a bounded linear map
a*(v): QnH - OnHHv aA*W) V1 O QU =V OV OOy

with

la* )l = vn + 1v]|. 4.8)
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For the vacuum vector this means a*(v)2 = v. The map a*(v) is naturally defined
as a linear map Fuo(H) — Fag(H). By (4.8) a*(v) is unbounded on ¥4, (H ) unless
v = 0 and therefore does not extend continuously to ¥ (H). Writing v = vy we see

(@*()(v1 O+ O Vp), wo O Wy O+ O W)
=W OV O OUs, Wy OW; O+ O Wy)
= Z(vo, W (0) (V1 Wo (1)) - - - (Uns Wo(m))

= Z Z (v, wk)(vl’wff(l)) (vnawa(n))

(T wnh
k=0 it

n
= (vl @...@vn’Z(v’wk)wOQ...Qﬁ)k@...@wn)
k=0

where Wy indicates that the factor wy is left out. Hence if we define a(v): @ZI;FI H —
n
@alg H by

n
a(v)(w()@...@wn) = Z(v,wk)wOQ...kaQ...an

k=0
and a(v)Q2 = 0, then we have
(@* (W, n) = (0,a()n) (4.9)
forallw € @Zlg Handn e @Zgl H . The operator norm of a(v) is easily determined:
la@)ll = sup Ja()n| = sup (w.a(v)n)
ne@ﬁg_l H 776@11;_1 H
lInll=1 weQy, H
Inl=llwl=1
= sup (@@ao,n)= sup [a*@o]
VIEQTQ_I we@z’i’lgH
wedl, H lwl=1
Inl=lwl=1

= |la*)[ = vVn +1]v].
Thus a(v) extends continuously to a linear operator a(v): @"H H — (O" H with
la@)| = Vn + 1]v]|. (4.10)

We consider both a*(v) and a(v) as unbounded linear operators in Fock space
F (H) with F4,(H) as invariant domain of definition. In the physics literature, a(v)
is known as annihilation operator and a* (v) as creation operator forv € H.
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Lemma4.6.6. Let H be a complex Hilbert space andletv, w € H. Thenthe canonical
commutator relations (CCR) hold, i.e.,

[a(v),a(w)] = [a*(v),a™(w)] = 0,
[a(v),a*(w)] = (v, w)id.
Proof. From

a*()a* W) O Oy =W OV O+ O vy
=wOVOVL OOy
= a*(w)a*(vV)vy O+ O vy

we see directly that [a*(v),a*(w)] = 0. By (4.9) we have for all w, n € Fu,(H)
(. [a(v),a(w)]n) = ([a*(w).a*(v)]w,n) = 0.
Since Fy.(H ) is dense in F (H ) this implies [a(v), a(w)]n = 0. Finally, subtracting
a@)a* (W) @ QU =a(Mw OV OO vy
=, wv OOy

n
+Y WOV O O h O O vy

k=1
and
n
Cl*(w)a(l))’l)l @@vn :w@Z(v’vk)vl QQﬁkQQUn
k=1
n
= Z(v,vk)w(av] ooy oo
k=1
yields [a(v), a*(w)](V1 @ -+ O V) = (V, W)V O -+ O V. 0

Definition 4.6.7. Let H be a complex Hilbert space and let v € H. We define the
Segal field as the unbounded operator

L
V2

in ¥ (H) with F,,(H) as domain of definition.

0(v) = — (a(v) + a*(v))

Notice that a*(v) depends C-linearly on v while v > a(v) is anti-linear. Hence
0(v) is only R-linear in v.

Lemma 4.6.8. Let H be a complex Hilbert space and let v € H. Then the Segal
operator 0(v) is essentially selfadjoint.
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Proof. Since 6(v) is symmetric by (4.9) and densely defined it is closable. The domain
of definition F,,(H ) is invariant for 6(v) and hence all powers 6(v)™ are defined on
it. By Nelson’s theorem is suffices to show that all vectors in F5,(H) are analytic,
see Theorem A.2.18. Since all vectors in the domain of definition are finite linear
combinations of vectors in ()" H for various n we only need to show thatw € ()" H is
analytic. By (4.8), (4.10), and the fact that a* (v)w € "' H anda(v)w € Q"' H
are perpendicular we have

10)l* = %Ila*(v)w +a()o|?

%(Ila*(v)wll2 + lla()o|?)

1
S+ DIvIPllol? +nllv|?lw)?)

(n + Dol

IA

IA

hence
16" oll < V(1 + 1D +2) ... (n +m)|[v]" o] (4.11)
Foranyt > 0
o0 [m
Y Sl | < —Jm + D0 +2).. (n+m) o] e]
= m! m

n+1 n+2 n+m
\/ . vl el

=V "ol el

IA

|
8 iM?E ||M8 IIM8

ﬁ\

A

because the power series Y o, has infinite radius of convergence. Thus w is an

mOf

analytic vector. |

Lemma 4.6.9. Let H be a complex Hilbert space and let v,v;,w € H, j =1,2,...
Let n € Fag(H). Then the following holds:

(1) (O()0(w) — O(w)(v))n = iIm(v, w)n.
) If|lv—=vj|| = O, then ||8(v)n — O(v;)n|| = 0as j — oo.

(3) The linear span of the vectors 0(vy) . ..0(v,)2 where v; € H andn € N is
dense in ¥ (H).
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Proof. We see (1) by Lemma 4.6.6
0(v)0(w)n = %(a*(v) +a(v))(a*(w) + a(w))n
= %(a*(v)a*(w) +a*(v)a(w) + a(v)a®(w) + a(v)a(w))n

= %(a*(w)a*(v) + a(w)a*(v) — (w,v)id + a(w)a™ (w) + (v, w)id

+ a(w)a(v))n
O(w)08(v)n + iSm(v, w)n.

For (2) it suffices to prove the statement for n € ()" H. By (4.8) and (4.10) we see

1)1 — 6wl = 272 la* )y + a()n — a* ()1 — a(w;)l
< 272(Jla* () — a* @)l + la)n — a)nl)
=27"2(Jla* (v — vyl + lla(w — v)l)
<27 P 1+ vl = vl

which implies the statement.

For (3) one can easily see by induction on N that the span of the vectors
O(v1)...0(v,)R, n < N, and the span of the vectors a*(vy)...a*(v,)R, n < N,
both coincide with @_, O, H. This is dense in @~_, " H and the assertion

alg
follows. O

Now we can relate this discussion to the canonical commutator relations as studied
in Section 4.2. Denote the (selfadjoint) closure of 6(v) again by 6(v) and denote
the domain of this closure by dom(6(v)). Look at the unitary operator W(v) :=
exp(if(v)). Recall that for the analytic vectors w € F,(H ) we have the series

o0

OPESY %e(u)mw

m=0
converging absolutely.

Proposition 4.6.10. For v,v;, w € H we have the following:
(1) The domain dom(6(w)) is preserved by W(v), ie, W(v)(dom(8(w))) =
dom(8(w)) and
Ww)o(w)w = 8(w)Ww)w — Im(v, w)W(v)w

for all w € dom(6(w)).

(2) The map W: H — L£(F (H)) is a Weyl system of the symplectic vector space
(H,3wm(-,-)).

Q) Ifllv—=vj|| = 0, then ||(W(v) — W(v;))n|| = 0 foralln € ¥F(H).
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Proof. We first check the formula (1) for w € F4,(H ). From Lemma 4.6.9 (1) we get
inductively

B()"(w)w = B(w)O ()" w + i -m-Sm(v, w) H(v)" ' w.
Since O(w)w € Fy,(H) we have
)W) = > ;e(w)e(u)m
m—O

= Z m_m O(v)"0(w) —im Jm(v,w)H(v)" ") o

2, imH Im(v, w)

= W)(w)w —mg D) o)™ o
=Ww)o(w)w + Im@, w)WQ)o. (4.12)

In particular, W(v)w is an analytic vector for 6(w) and we have for w, n € F4,(H)

[0()W (@) (@ —n)| = [[(W()8(w) + Im(v, w)W(v)) (@ —n)|l

< [W@)f(w)(w — | + [Sm v, w)|[[|W()(@ —n)|

= (l0(w)(@ =) + [Fm@, w)[ - lo =nl}) - vll.  (4.13)
Now let @ € dom(6(w)). Then there exist w; € Fuo(H) such that |w — w;|| — 0
and [|0(w)(w) — O(w)(w;)|| — 0as j — oo. Since W(v) is bounded we have
[W()(w) — W(v)(w;)|| = 0and by (4.13) {#(w)W(v)(w;)}; is a Cauchy sequence
and therefore convergent as well. Hence W (v)(w) € dom(6(w)) and the validity of
(4.12) extends to all @ € dom(6(w)).

We have shown W (v)(dom(8(w))) C dom(f(w)). Replacing W(v) by W(—v) =
W(v)~! yields W(v)(dom(8(w))) = dom(6(w)).

For (2) observe that W(0) = exp(0) = id and W(—v) = exp(if(-v)) =
exp(—if(v)) = exp(if(v))* = W(v)*. We fix w € Fy,(H) and look at the smooth
curve

x() = Wieu)Wew)W(—t(v + w))w

in ¥ (H). We have x(0) = w and

X(t) = %W(tv)W(tw)W(—t(v + w))o

=iWtv)d()WiEw)W(—t(v + w))ow + i WEv)W(tw)d(w)W(—t(v + w))w
+ iWv)W(iw)d(—v — w)W(—t(v + w))w
=iWiv)d()WEw)W(—t(v + w))o + i WiEv)W(Ew)d(—v)W(—t(v + w))o

D i Wy Wew)O) + Smw, v) W=t (v + w))o

+ iW(iv)W(iw)d(—v)W(—t(v + w))w
=i-t-Im(w,v)-x(t).
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Therefore x(t) = eI 3mWI2/20, and ¢ = | yields W)W (w)W(—(v + w))w =
eiSmw.v)/24, By continuity this equation extends to all @ € ¥ (H) and shows that
W is a Weyl system for the symplectic form Jut(-,-).

For (3)let n € (O" H and let ||[v — v;|| — 0 as j — oo. Then

(W) = Wl = [[W@)(id = W(=v)W(v;)nl
=< [[id = W(=v)W(v)nl
< (1 = FRED2yg ) 4 [ SO W (o)W ()|

(2) ; .
(1 — e/ 3m@e)/2yp)

+ ||(€l'3m(vyvj)/2 — eism(v’vj)/ZW(Uj - U))77||
< |1 =& SmOID2 |4 Gd — W(v; — v)1l.

Since Sm(v, v;) = sm(v vj,v+v;) — Oitsuffices toshow ||(id—W (v;—v))n| —
0. This follows from

> L1, - oy 2 Z\/(”+ D% oy — ol

m=1
(n+ Dmt+t m
—||v,—v||Z s v el

and Y >, %ij —v||"™ < oo uniformly in j. We have seen that ||(W(v) —

W(v;)n| — 0forall n € ©O" H (n fixed) hence for all n € Fyo(H).
Finally, let n € ¥ (H) be arbitrary. Let ¢ > 0. Choose 1’ € Fy,(H) such that
In—n'|| <e. For j > 0we have ||(W(v) — W(v;))n'|| < e. Hence

(W) = W@l < [(W@) = W) (n—n) + (W) = Ww))n'l
<2ln—n'l+e
< 3e.

This concludes the proof. |

4.7 The quantum field defined by a Cauchy hypersurface

In this final section we construct the quantum field. This yields a formulation of
the quantized theory on Fock space which is closer to the traditional presentations of
quantum field theory than the formulation in terms of quasi-local C*-algebras given
in Sections 4.4 and 4.5. It has the disadvantage however of depending on a choice of
Cauchy hypersurface. Even worse from a physical point of view, this quantum field
has all the properties that one usually requires except for one, the “microlocal spectrum
condition”. We do not discuss this condition in the present book, see the remarks at
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the end of this section and the references mentioned therein. The construction given
here is nevertheless useful because it illustrates how the abstract algebraic formulation
of quantum field theory relates to more traditional ones.

Let (M, E, P) be an object in the category GlobHyp, i.e., M is a globally hyperbolic
Lorentzian manifold, E is a real vector bundle over M with nondegenerate inner
product, and P is a formally selfadjoint normally hyperbolic operator acting on sections
in E. We need an additional piece of structure.

Definition 4.7.1. Let k € N. A twist structure of spin k/2 on E is a smooth section
Q0 eC>®(M, Hom(@k TM,End(E))) with the following properties:

(1) Q is symmetric with respect to the inner product on E, i.e.,

(Q(X10-- 0 Xpe, f) = (e, 0(X1 O+ O Xi) f)

forall X; e T,M,e, f € Ep,and p e M.
(2) If X is future directed timelike, then the bilinear form (-, -)x defined by

(f.e)x =(QXO---0X)fg)

is positive definite.

Note that the bilinear form (-,-)x is symmetric by (1) so that (2) makes sense.
From now on we write Qy = Q(X © --- ® X) for brevity. If X is past directed
timelike, then (-, -)x is positive or negative definite depending on the parity of k. Note
furthermore, that Qy is a field of isomorphisms of E in case that X is timelike since
otherwise (-, -)x would be degenerate.

Examples 4.7.2. a) Let E be a real vector bundle over M with Riemannian metric.
In the case of the d’ Alembert, the Klein—Gordon, and the Yamabe operator we are in
this situation. We take k = 0 and Q: @0 TM =R — End(E), t — t-id. By
convention, Qx = id and hence (-,-}x = (-, -) for a timelike vector X of unit length.

b) Let M carry a spin structure and let E = XM be the spinor bundle. The Dirac
operator and its square act on sections in ¥ M. As explained in [Baum1981, Sec. 3.3]
and [Bir-Gauduchon—-Moroianu2005, Sec. 2] there is a natural indefinite Hermitian
product (-,-) on ¥M such that for future directed timelike X the sesquilinear form
(+,-)x defined by

(0. ¥)x = (0. X -¥)

is symmetric and positive definite where “-” denotes Clifford multiplication. Hence if
we view X M as areal bundle and put (-,-) := Re(-,-),k:=1,and Q(X)¢p := X -9,
then we have a twist structure of spin 1/2 on the spinor bundle.

¢) On the bundle of p-forms E = APT*M there is a natural indefinite inner
product (-, -) characterized by

(o, B) = Z &iy .. -Eip (e, ..., e,) Blei,....e,)

0<iy<-<ip=<n
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where eq, ..., e, is an orthonormal basis with &; = (e;, e;) = £1. We putk := 2 and
OXOY)a:=X"Aya+ Y’ Aiya— (X.Y) -«

where ty denotes insertion of X in the first argument, (yoo = «(X,-,...,-), and
X + X is the natural isomorphism TM — T*M induced by the Lorentzian metric.
It is easy to check that Q is a twist structure of spin 1 on A?T* M . Recall that the case
p = lisrelevant for the wave equation in electrodynamics and for the Proca equation.

The physically oriented reader will have noticed that in all these examples k /2
indeed coincides with the spin of the particle under consideration.

Remark 4.7.3. If Q is a twist structure on E, then Q* is a twist structure on E* of the
same spin where Q*(X; @ -+ © Xi) = O(X; © -+ © Xg)* is given by the adjoint
map. On E*, we will always use this induced twist structure without further comment.

Let us return to the construction of the quantum field for the object (M, E, P) in
GlobHyp. As an additional data we fix a twist structure Q on E. As usual let £* denote
the dual bundle and P* the adjoint operator acting on sections in E*. Let G} denote
the Green’s operators for P* and G* = G} — G*.

We choose a spacelike smooth Cauchy hypersurface ¥ C M. We denote by
L?(XZ, E*) the real Hilbert space of square integrable sections in E* over ¥ with
scalar product

(u,v)s :=[E(u,v)ndA=L(Q;u,v)dA

where 1 denotes the future directed (timelike) unit normal to X. Here (-, -} denotes the
inner product on E* inherited from the one on E. Let Hy, := L?(Z, E*) g C be
the complexification of this real Hilbert space and extend (-, - )y to a Hermitian scalar
product on Hy thus turning Hy into a complex Hilbert space. We use the convention
that (-, - )y is conjugate linear in the first argument.

We construct the symmetric Fock space ¥ (Hx) as in the previous section. Let 0
be the corresponding Segal field.

Given f € D(M, E*) the smooth section G* f is contained in C°(M, E*),
i.e., there exists a compact subset K C M such that supp(G* ) C JM(K), see
Theorem 3.4.7. It thus follows from Corollary A.5.4 that the intersection supp(G™* )N
¥ is compact and G* f |z € D(Z, E*) C L?(Z, E*) C Hy. Similarly, V,(G* f) €
D(Z,E*) C L>(Z, E*) C Hy. We can therefore define

Px(f) = 0G(G* )z — (0 Va(G* 1))

Definition 4.7.4. The map &y from D (M, E*) to the set of selfadjoint operators on
Fock space ¥ (Hy) is called the quantum field (or the field operator) for P defined
by X.

Notice that @y depends upon the choice of the Cauchy hypersurface . One thinks
of @y as an operator-valued distribution on M. This can be made more precise.
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Proposition 4.7.5. Let (M, E, P) be an object in the category GlobHyp with a twist
structure Q. Choose a spacelike smooth Cauchy hypersurface ¥ C M. Let @5 be the
quantum field for P defined by X.

Then for every w € Fy,(Hx) the map
D(M,E*) > F(Hz), [+ bs(f)o,
is continuous. In particular, the map
DM.E*) > C, [0 0s(f)w).
is a distributional section in E for any n,w € Fy,(Hy).
Proof. Let f; — f in OD(M, E*). Then G* f; — G* f in CZ°(M, E*) by Propo-
sition 3.4.8. Thus G* f;|x — G* f|x and (Q})"'VuG* f; — (Q¥)"'VaG* f in

D(Z,E*). Hence G* fi|s — G* f|x and (QF)7'VaG* f; — (QF)"'VaG* f in
Hy. The proposition now follows from Lemma 4.6.9 (2). |

The quantum field satisfies the equation P @53 = 0 in the distributional sense. More
precisely, we have

Proposition 4.7.6. Let (M, E, P) be an object in the category GlobHyp with a twist
structure Q. Choose a spacelike smooth Cauchy hypersurface ¥ C M. Let @y be the
quantum field for P defined by X.

Forevery f € D(M, E*) one has

Px(P*f) =0.
Proof. This is clear from G*P* f = 0 and 6(0) = 0. O

To proceed we need the following reformulation of Lemma 3.2.2.

Lemma 4.7.7. Let (M, E, P) be an object in the category GlobHyp, let G+ be the
Green’s operators for P andletG = G+ —G_. Furthermore, let ¥ C M be a spacelike
Cauchy hypersurface with future directed (timelike) unit normal vector field .

Then forall f,g € D(M, E),

/ (f.Gg)dV = [ (Va(Gf). Gg) — (Gf. Va(Gg))) dA.
M >

Proof. Since J fy (X) is past compact and JM (X) is future compact Lemma 3.2.2
applies. After identification of E* with E via the inner product (-,-) the assertion
follows from Lemma 3.2.2 withu = Gg. |

The quantum field satisfies the following commutator relation.



152 4. QUANTIZATION

Proposition 4.7.8. Let (M, E, P) be an object in the category GlobHyp with a twist
structure Q. Choose a spacelike smooth Cauchy hypersurface ¥ C M. Let @5 be the
quantum field for P defined by X.

Then for all f,g € O(M, E*) and all n € Fu.(Hx) one has

[@5(f), Dr(g)n = i ~/M<G*ﬁ g)dv -,

Proof. Using Lemma 4.6.9 and the fact that (-, )y is the complexification of a real
scalar product we compute

[@=(f), P=(2)]n
=[0(i(G* )z — (09 'Va(G* 1)).0 (i(G* Dz — (0F) ' Va(G*2)) ] n
=i3m (i(G* )z — (05 ' Vul(G* ).i(G*g)|s — (03) ' Va(G*g)) 51
=—i3m (i(G* f)|2. (03) ' Va(G*2)) 5 1
—i3m ((03) 7 'Va(G* [).i(G*¢)|x) 5 N
=i ((G* )z (09 'Va(G* )5 - n—i ((Q) ' Vul(G* ). (G*2)|x) g - 1

=i./((G*f)|z,vn(G*g))dV-n—i~/(Vu(G*f),(G*g)lz)dV-n-
= =

Lemma 4.7.7 applied to P* concludes the proof. |

Corollary 4.7.9. Let (M, E, P) be an object in the category GlobHyp with a twist
structure Q. Choose a spacelike smooth Cauchy hypersurface ¥ C M. Let ®x be
the quantum field for P defined by X. If the supports of f and g € D(M, E*) are
causally independent, then

[P=(f). P=(g)] = 0.

Proof. 1f the supports of supp(f) and supp(g) are causally independent, then
supp(G* ) C JM (supp(f)) and supp(g) are disjoint. Hence

[@5(f). Px(g)] = i - /M(G*ﬁ g)dV = 0. 0

Proposition 4.7.10. Let (M, E, P) be an object in the category GlobHyp with a twist
structure Q. Choose a spacelike smooth Cauchy hypersurface ¥ C M. Let @y, be the
quantum field for P defined by X. Let Q be the vacuum vector in ¥ (Hy).

Then the linear span of the vectors ®x(f1) ... P (f,)Q is dense in ¥ (Hx) where
Ji € D(M,E*)andn € N.

Proof. By Lemma4.6.9 (3) the span of vectors of the form 6 (vy) ... 0(v,)Q2,v; € Hy,
n € N, is dense in # (Hy). It therefore suffices to approximate vectors of the form
O(v1)...0(v,)2 by vectors of the form ®x(f1)... Px(f2)R. Any v; € Hy is of
the form v; = w; + iz; with w;,z; € L*(Z, E*). Since D(T, E*) is dense in
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L*(¥, E*) we may assume without loss of generality that w;,z; € D(T, E*) by
Proposition 4.7.5.

By Theorem 3.2.11 there exists a solution u; € C2°(M, E*) to the Cauchy prob-
lem Pu; = O with initial conditions u;|y = z; and Vyqu; = —Qpw,. By The-
orem 3.4.7 there exists f; € D(M,E*) with G*f; = u;. It now follows that
Bs(f)) = QD" Vu(G" ) +1(G" )lz) = (03 Vault) + 1y ]2) =
8(w; +iz;) = 6(v;). This concludes the proof.

Remark 4.7.11. In the physics literature one usually also finds that the quantum field
should satisfy

dx(f) = Px(f)*. (4.14)

This simply expresses the fact that we are dealing with a real theory and that the
quantum field takes its values in self-adjoint operators. Recall that we have assumed E
to be a real vector bundle. Of course, one could complexify E and extend @5 complex
linearly such that (4.14) holds.

We relate the quantum field constructed in this section to the CCR-algebras studied
earlier.

Proposition 4.7.12. Let (M, E, P) be an object in the category GlobHyp and let Q
be a twist structure on E*. Choose a spacelike smooth Cauchy hypersurface ¥ C M.
Let @y, be the quantum field for P defined by X.

Then the map

We: D(M,E™) — (¥ (Hz)). Ws(f) = exp(i x(f)),
yields a Weyl system of the symplectic vector space SYMPL o SOLVE(M, E*, P*).

Proof. Recall that the symplectic vector space SYMPL o SOLVE(M, E*, P*) is given
by V(M, E*,G*) = D(M, E*)/ ker(G*) with symplectic forminducedby &( f, g) =
Sy (G* f.g)dV. By definition Wx(f) = 1 holds for any f € ker(G*), hence Wy
descends toamap V(M, E*,G*) — £(F (Hy)).

Let ,g € DM, E*). Setu := i(G*f)|g — (057 'Va(G*f) and v =
i(G*g)z — (03)7'Vu(G*g) € Hx so that ®x(f) = 6(u) and Px(g) = 6(v).
Then by Lemma 4.6.9 (1) and by Proposition 4.7.8 we have

i3m(u,v)g-id = [0(u),0(v)] = [P=(f), Ps(g)] =i / (G* f.g)dV -id,
M
hence
Sz = [ (67 g4V = a(f.0)
Now the result follows from Proposition 4.6.10 (2). |

Corollary 4.7.13. Let (M, E, P) be an object in the category GlobHyp and let Q be a
twist structure on E*. Choose a spacelike smooth Cauchy hypersurface ¥ C M. Let
Wy be the Weyl system defined by ®x.
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Then the CCR-algebra generated by the Ws (f), f € D(M, E*), is isomorphic to
CCR(SYMPL(SOLVE(M, E*, P*))).

Proof. This is a direct consequence of Proposition 4.7.12 and of Theorem 4.2.9. [

The construction of the quantum field on a globally hyperbolic Lorentzian mani-
fold goes back to [Isham1978], [Hajicek1978], [Dimock1980], and others in the case of
scalar fields, i.e., if E is the trivial line bundle. See also the references in [Fulling1989]
and [Wald1994]. In [Dimock1980] the formula Wx(f) = exp(i ®x(f)) in Proposi-
tion 4.7.12 was used to define the CCR-algebra. It should be noted that this way one
does not get a true quantization functor GlobHyp — C*-Alg because one determines
the C*-algebra up to isomorphism only. This is caused by the fact that there is no
canonical choice of Cauchy hypersurface. It seems that the approach based on alge-
bras of observables as developed in Sections 4.3 to 4.5 is more natural in the context
of curved spacetimes than the more traditional approach via the Fock space.

Wave equations for sections in nontrivial vector bundles also appear frequently. The
approach presented in this book works for linear wave equations in general but often
extra problems have to be taken care of. In [Dimock1992] the electromagnetic field is
studied. Here one has to take the gauge freedom into account. For the Proca equation as
studied e.g. in [Furlani1999] the extra constraint 4 = 0 must be considered, compare
Example 4.3.2. If one wants to study the Dirac equation itself rather than its square as
we did in Example 4.3.3, then one has to use the canonical anticommutator relations
(CAR) instead of the CCR, see e.g. [Dimock1982].

In the physics papers mentioned above the authors fix a wave equation, e.g. the
Klein—Gordon equation, and then they set up a functor GlobHyp, ,.q — C*-Alg. Here
GlobHyp,.eq 18 the category whose objects are globally hyperbolic Lorentzian man-
ifolds without any further structure and the morphisms are the time-orientation pre-
serving isometric embeddings f: M7 — M5 suchthat f (M) is a causally compatible
open subset of M;. The relation to our more universal functor CCR o SYMPL o SOLVE:
GlobHyp — C*-Alg is as follows:

There is the forgetful functor FORGET: GlobHyp — GlobHyp,aeq given by
FORGET(M, E, P) = M and FORGET(f, F) = f. A geometric normally hyperbo-
lic operator is a functor GOp: GlobHyp, ,keq — GlobHyp with FORGET oGOp = id.

For example, the Klein—Gordon equation for fixed mass m yields such a functor.
One puts GOp(M) := (M, E, P) where E is the trivial real line bundle over M
with the canonical inner product and P is the Klein-Gordon operator P = [0 + m?.
On the level of morphisms, one sets GOp(f) := (f, F) where F is the embedding
M; xR — Mj x R induced by f: My < M,;. Similarly, the Yamabe operator, the
wave equations for the electromagnetic field and for the Proca field yield geometric
normally hyperbolic operators.

The square of the Dirac operator does not yield a geometric normally hyperbolic
operator because the construction of the spinor bundle depends on the additional choice
of a spin structure. One can of course fix this by incorporating the spin structure into yet
another category, the category of globally hyperbolic Lorentzian manifolds equipped
with a spin structure, see [Verch2001, Sec. 3].
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In any case, given a geometric normally hyperbolic operator GOp, then
CCR o SYMPL o SOLVE oGOp: GlobHyp,eq — C*-Alg s a locally covariant quan-
tum field theory in the sense of [Brunetti—-Fredenhagen—Verch2003, Def. 2.1].

For introductions to quantum field theory on curved spacetimes from the physical
point of view the reader is referred to the books [Birrell-Davies1984], [Fulling1989],
and [Wald1994].

The passage from the abstract quantization procedure yielding quasi-local C *-al-
gebras to the more familiar concept based on Fock space and quantum fields requires
certain choices (Cauchy hypersurface) and additional structures (twist structure) and is
therefore not canonical. Furthermore, there are many more Hilbert space representa-
tions than the Fock space representations constructed here and the question arises which
ones are physically relevant. A criterion in terms of micro-local analysis was found in
[Radzikowskil996]. As a matter of fact, the Fock space representations constructed
here turn out not to satisfy this criterion and are therefore nowadays regarded as unphys-
ical. A good geometric understanding of the physical Hilbert space representations on
a general globally hyperbolic spacetime is still missing.

Radzikowski’s work was developed further in [ Brunetti—-Fredenhagen—Kohler1996]
and applied in [Brunetti-Fredenhagen1997] to interacting fields. The theory of inter-
acting quantum fields, in particular their renormalizability, currently forms an area of
very active research.



Appendix. Background material

In Sections A.1 to A.4 the necessary terminology and basic facts from such diverse
fields of mathematics as category theory, functional analysis, differential geometry, and
differential operators are presented. These sections are included for the convenience
of the reader and are not meant to be a substitute for a thorough introduction to these
topics.

Section A.5 is of adifferent nature. Here we collect advanced material on Lorentzian
geometry which is needed in the main text. In this section we give full proofs. Partly
due to the technical nature of many of these results they have not been included in the
main text in order not to distract the reader.

A.1 Categories

We start with basic definitions and examples from category theory (compare [Lang2002,
Ch. 1, § 11]). A nice introduction to further concepts related to categories can be found
in [MacLane1998].

Definition A.1.1. A category A consists of the following data:

 aclass Obj(A) whose members are called objects

* for any two objects A, B € ODbj(A) there is a (possibly empty) set Mor(A4, B)
whose elements are called morphisms,

* for any three objects A, B, C € Obj(A) there is a map (called the composition of
morphisms)

Mor(B, C) x Mor(4, B) — Mor(A4,C) , (f.g) — fog,

such that the following axioms are fulfilled:
(1) If two pairs of objects (A4, B) and (A’, B’) are not equal, then the sets Mor(A4, B)
and Mor(4’, B’) are disjoint.
(2) For every A € Obj(A) there exists an element id4 € Mor(A4, A) (called the

identity morphism of A) such that for all B € Obj(A), for all f € Mor(B, A)
and all g € Mor(4, B) one has

idgof=f and goidgq =g.

(3) The law of composition is associative, i.e., for any A, B, C, D € Obj(A) and for
any f € Mor(4, B), g € Mor(B,C), h € Mor(C, D) we have

(hog)of =ho(gof).

Examples A.1.2. a) In the category of sets Set the class of objects Obj(Set) consists of
all sets, and for any two sets A, B € Obj(Set) the set Mor(A4, B) consists of all maps
from A to B. Composition is the usual composition of maps.
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b) The objects of the category Top are the topological spaces, and the morphisms
are the continuous maps.

¢) In the category of groups Groups one considers the class Obj(Groups) of all
groups, and the morphisms are the group homomorphisms.

d) In AbelGr, the category of abelian groups, Obj(AbelGr) is the class of all abelian
groups, and again the morphisms are the group homomorphisms.

Definition A.1.3. Let A and B be two categories. Then A is called a full subcategory
of B provided
(1) Obj(A) C Obj(B),
(2) for any A, B € Obj(A) the set of morphisms of A to B are the same in both
categories A and B,
(3) for all A, B,C € Obj(A), any f € Mor(A4, B) and any g € Mor(B, C) the
composites g o f coincide in A and B,
(4) for A € Obj(A) the identity morphism idy4 is the same in both A and B.
Examples A.1.4. a) Top is not a full subcategory of Set because there are non-

continuous maps between topological spaces.
b) AbelGr is a full subcategory of Groups.

Definition A.1.5. Let A and B be categories. A (covariant) functor T from A to B
consists of a map T: Obj(A) — Obj(B) and maps 7': Mor(A4, B) — Mor(TA, TB)
for every A, B € Obj(A) such that

(1) the composition is preserved, i.e., for all A, B,C € Obj(A), for any f €
Mor (A, B) and for any g € Mor(B, C) one has

T(go f)=T(g)oT(f).
(2) T maps identities to identities, i.e., for any A € Obj(A) we get
T(idy) = idr4.
In symbols one writes 7: A — B.

Examples A.1.6. a) For every category A one has the identity functor1d: A — A which
is defined by Id(4) = A for all A € Obj(A) and Id(f) = f forall f € Mor(4, B)
with 4, B € Obj(A).

b) There is a functor F: Top — Set which maps each topological space to the
underlying set and F(g) = g for all A, B € Obj(Top) and all g € Mor(A4, B). This
functor F is called the forgetful functor because it forgets the topological structure.

c) Let A be a category. We fix an object C € Obj(A). We define 7: A — Set by
T(A) = Mor(C, A) for all A € Obj(A) and by

Mor(A, B) — Mor (Mor(C, A), Mor(C, B)),
fr(g~ fog).
for all A, B € Obj(A). It is easy to check that T is a functor.
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A.2 Functional analysis

In this section we give some background in functional analysis. More comprehen-
sive expositions can be found e.g. in [Reed—Simon1980], [Reed-Simon1975], and
[Rudin1973].

Definition A.2.1. A Banach space is a real or complex vector space X equipped with
anorm || - || such that every Cauchy sequence in X has a limit.

Examples A.2.2. a) Consider X = C°([0, 1]), the space of continuous functions on
the unit interval [0, 1]. We pick the supremum norm: For f € C°([0, 1]) one puts

I/ lcoqo,1p) = sup [f(@)].
t€l0,1]

With this norm X is Banach space. In this example the unit interval can be replaced
by any compact topological space.

b) More generally, let k € N and let X = C¥([0, 1]), the space of k times con-
tinuously differentiable functions on the unit interval [0, 1]. The C¥-norm is defined

by
. ¢
I/ ek o1y = (Jmax £ Pllcoqo.n

where £ denotes the £ th derivative of f € X. Then X = C¥([0, 1]) together with
the C¥-norm is a Banach space.

Now let H be acomplex vector space, and let ( -, - ) be a (positive definite) Hermitian
scalar product. The scalar product induces a norm on H,

lx]| := v/(x,x) forall x € H.

Definition A.2.3. A complex vector space H endowed with Hermitian scalar product
(+,-) is called a Hilbert space if H together with the norm induced by (-, -) forms a
Banach space.

Example A.2.4. Consider the space of square integrable functions on [0, 1]:
1
£2([0,1]) :={f:[0,1] = C ’ f measurable and / | f(0)]? dt < oo}
0

On £2([0, 1]) one gets a natural sesquilinear form (-,-) by (£, g) := fol f(@)-g)dt
for all f,g € £2([0,1]). Then N := {f € £2([0,1]) | (f. f) = 0} is a linear
subspace, and one denotes the quotient vector space by

L2([0,1]) := £2([0. 1]) / M.

The sesquilinear form (-,-) induces a Hermitian scalar product on L2([0, 1]). The
Riesz—Fisher theorem [Reed-Simon1980, Example 2, p. 29] states that L2([0, 1])
equipped with this Hermitian scalar product is a Hilbert space.
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Definition A.2.5. A semi-norm on aK-vector space X,K = RorC,isamap p: X —
[0, 0c0) such that

(1) p(x +y) < p(x) + p(y) forany x,y € X,
(2) p(ax) = || p(x) forany x € X and o € K.

A family of semi-norms {p; }; ey is said to separate points if

(3) pi(x) =0foralli € I implies x = 0.

Given a countable family of seminorms {py }xen separating points one defines a
metric d on X by setting for x,y € X:

1
d(x,y):= Z 2—k-max (l,pk(x—y)). (A.15)
k=0

Definition A.2.6. A Fréchet space is a K-vector space X equipped with a countable
family of semi-norms {p }ren Separating points such that the metric d given by (A.15)
is complete. The natural topology of a Fréchet space is the one induced by this metric d.

Example A.2.7. Let C°°([0, 1]) be the space of smooth functions on the interval [0, 1].
A countable family of semi-norms is given by the C¥-norms as defined in Exam-
ple A.2.2 b). In order to prove that this family of (semi-)norms turns C*°([0, 1]) into
a Fréchet space we will show that C*°([0, 1]) equipped with the metric d given by
(A.15) is complete.

Let (g,)n be a Cauchy sequence in C ([0, 1]) with respect to the metric d. Then for
any k > 0 the sequence (g, ), is Cauchy with respect to the C*¥-norm. Since C* ([0, 1])
together with the C*-norm is a Banach space there exists a unique ; € C¥([0, 1]
such that (g,), converges to A in the C¥-norm. From the estimate || - ek o =<
I llceo,1y) for k < £ we conclude that sy and h¢ coincide. Therefore, putting & := ho
we obtain i € C*°([0, 1]) and d(h, g») — 0 forn — oo. This shows the completeness
of C*([0, 1]).

If one wants to show that linear maps between Fréchet spaces are homeomorphisms,
the following theorem is very helpful.

Theorem A.2.8 (Open Mapping Theorem). Let X and Y be Fréchet spaces, and
let f: X — Y be a continuous linear surjection. Then f is open. In particular,
continuous linear bijections between Fréchet spaces are homeomorphisms.

Proof. See [Rudin1973, Cor. 2.12., p. 48] or [Reed—Simon1980, Thm. V.6, p. 132]
|

From now on we fix a Hilbert space H. A continuous linear map H — H is called
bounded operator on H. But many operators occurring in analysis and mathematical
physics are not continuous and not even defined on the whole Hilbert space. Therefore
one introduces the concept of unbounded operators.
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Definition A.2.9. Let dom(A) C H be a linear subspace of H. A linear map
A: dom(A) — H is called an unbounded operator in H with domain dom(A). One
says that A is densely defined if dom(A) is a dense subspace of H.

Example A.2.10. One can represent elements of L?(R) by functions. The space
of smooth functions with compact support C2°(R) is regarded as a linear subspace,
C2(R) C L2(R). Then one can consider the differentiation operator A4 := % as
an unbounded operator in L2(R) with domain dom(4) = C2°(R), and A is densely

defined.

Definition A.2.11. Let A be an unbounded operator on H with domain dom(A). The
graph of A is the set

I'(A) := {(x,Ax) | x edom(A)} C H x H.
The operator A is called a closed operator if its graph I'(A4) is a closed subset of H x H .

Definition A.2.12. Let A; and A, be operators on H. If dom(A;) D dom(A,) and
A1x = Azx for all x € dom(A,) , then A; is said to be an extension of A,. One then
writes A; D A,.

Definition A.2.13. Let A be an operator on H . An operator A is closable if it possesses
a closed extension. In this case the closure I'(A) of '(4) in H x H is the graph of an
operator called the closure of A.

Definition A.2.14. Let A be a densely defined operator on H. Then we put
dom(A*) :={x € H | thereisa y € H with (Az,x) = (z,y) forall z € dom(A)}.

For each x € dom(A4*) we define A*x := y where y is uniquely determined by the
requirement (Az,x) = (z,y) for all z € dom(A). Uniqueness of y follows from
dom(A) being dense in H. We call A* the adjoint of A.

Definition A.2.15. A densely defined operator A on H is called symmetric if A* is an
extension of 4, i.e., if dom(A) C dom(A*) and Ax = A*x for all x € dom(A). The
operator A is called selfadjoint if A = A*, that is, if A is symmetric and dom(A4) =
dom(A*).

Any symmetric operator is closable with closure 4 = A**.

Definition A.2.16. A symmetric operator 4 is called essentially selfadjoint if its closure
A is selfadjoint.

We conclude this section by stating a criterion for essential selfadjointness of a
symmetric operator.

Definition A.2.17. Let A be an operator on a Hilbert space H. Then one calls the set
C%(A) := (,=; dom(A4") the set of C*®-vectors for A. A vector ¢ € C®(A) is
called an analytic vector for A if

o0
Aﬂ
Z I (p”t" < oo forsomet > 0.
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Theorem A.2.18 (Nelson’s Theorem). Let A be a symmetric operator on a Hilbert
space H. If dom(A) contains a set of analytic vectors which is dense in H, then A is
essentially selfadjoint.

Proof. See [Reed—Simon1975, Thm. X.39, p. 202]. O

If A is a selfadjoint operator and f: R — C is a bounded Borel-measurable
function, then one can define the bounded operator f(A) in a natural manner. We use
this to get the unitary operator exp(i A) in Section 4.6. If ¢ is an analytic vector, then

© in
exp(id)p = Z ;A”(p.
n=0 """

A.3 Differential geometry

In this section we introduce the basic geometrical objects such as manifolds and vector
bundles which are used throughout the text. A detailed introduction can be found e.g.
in [Spivak1979] or in [Nicolaescul996].

A.3.1 Differentiable manifolds. We start with the concept of a manifold. Loosely
speaking, manifolds are spaces which locally look like R”.

Definition A.3.1. Letn be aninteger. A topological space M is called an n-dimensional
topological manifold if and only if

(1) its topology is Hausdorff and has a countable basis, and

(2) it is locally homeomorphic to R”, i.e., for every p € M there exists an open
neighborhood U of p in M and a homeomorphism ¢ : U — ¢(U), where ¢(U)
is an open subset of R”.

Any such homeomorphism ¢: U — ¢(U) C R” is called a (local) chart of M.
The coordinate functions ¢/ : U — R of ¢ = (¢!,..., ¢") are called the coordinates
of the local chart. An atlas of M is a family of local charts (U;, ¢;)ie; of M which
coversallof M, ie.,J;c; Ui =M.

Definition A.3.2. Let M be a topological manifold. A smooth atlas of M is an atlas
(Ui, ¢i)ier such that

giop; ' @i (Ui NU)) — ¢ (Ui N U))

is a smooth map (as a map between open subsets of R") whenever U; N U; # 0.
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R}’l

Figure 38. Smooth atlas.

Not every topological manifold admits a smooth atlas. We shall only be interested
in those topological manifolds that do. Moreover, topological manifolds can have
essentially different smooth atlases in the sense that they give rise to non-diffeomorphic
smooth manifolds. Hence the smooth atlas is an important additional piece of structure.

Definition A.3.3. A smooth manifold is a topological manifold M together with a
maximal smooth atlas.

Maximality means that there is no smooth atlas on M containing all local charts
of the given atlas except for the given atlas itself. Every smooth atlas is contained in a
unique maximal smooth atlas.

In the following “manifold” will always mean “smooth manifold”. The smooth
atlas will usually be suppressed in the notation.

Examples A.3.4. a) Every nonempty open subset of R” is an n-dimensional manifold.
More generally, any nonempty open subset of an n-dimensional manifold is itself an
n-dimensional manifold.

b) The product of any m-dimensional manifold with any n-dimensional manifold
is canonically an (m + n)-dimensional manifold.

c) Let n < m. An n-dimensional submanifold N of an m-dimensional manifold
M is a nonempty subset N of M such that for every p € N there exists a local chart
(U, ) of M about p with

e(UNN)=¢U)NR",

where we identify R” =~ R” x {0} C R"™. Any submanifold is canonically a manifold.
In the case n = m — 1 the submanifold N is called hypersurface of M.
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As in the case of open subsets of R”, we have the concept of differentiable map
between manifolds:

Definition A.3.5. Let M and N be manifolds and let p € M. A continuous map
f: M — N is said to be differentiable at the point p if there exist local charts (U, ¢)
and (V, ) about p in M and about f(p) in N respectively, such that f(U) C V and

Yo fop i) = y(V)

is differentiable at ¢(p) € ¢(U). The map f is said to be differentiable on M if it is
differentiable at every point of M.

Similarly, one defines C*-maps between smooth manifolds, k € N U {oo}. A
C°°-map is also called a smooth map.

Figure 39. Differentiability of a map.

Note that, if ¥y o f o ¢~ !is (C k )differentiable for some local charts @, V¥ asin
Definition A.3.5, then sois ¥’ o f o¢’~! for any other pair of local charts ¢’, Y’ obeying
the same conditions. This is a consequence of the fact that the atlases of M and N
have been assumed to be smooth.

In order to define the differential of a differentiable map between manifolds, we
need the concept of tangent space:

Definition A.3.6. Let M be a manifold and p € M. Consider the set T, of differen-
tiable curves ¢: I — M with ¢(0) = p where [ is an open interval containing 0 € R.
The tangent space of M at p is the quotient

oM =T,/ ~,

where “~” is the equivalence relation defined as follows: Two smooth curves
c1.¢2 € T, are equivalent if and only if there exists a local chart about p such that

(poc1)(0) = (poc2)(0).
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T,M

Figure 40. Tangent space 7, M .

One checks that the definition of the equivalence relation does not depend on the
choice of local chart: If (¢ o ¢1)’'(0) = (¢ o ¢2)’(0) for one local chart (U, ¢) with
p € U, then (Y o ¢1)'(0) = (Y o ¢»)'(0) for all local charts (V, ¢) with p € V.

Let n denote the dimension of M. Denote the equivalence class of ¢ € 7, in T, M
by [c]. It can be easily shown that the map

Op: TyM — R",
[c] = (¢ ©¢)'(0).

is a well-defined bijection. Hence we can introduce a vector space structure on 7, M
by declaring ®,, to be a linear isomorphism. This vector space structure is independent
of the choice of local chart because for two local charts (U, ¢) and (V, ) containing
p the map Oy 0 O, = dyp) (¥ 0 9 1) is linear.

By definition, the tangent bundle of M is the disjoint union of all the tangent spaces
of M,

™ = T,M.
PEM

Definition A.3.7. Let f: M — N be a differentiable map between manifolds and let
p € M. The differential of f at p (also called the tangent map of f at p) is the map

dpfl TpM—>Tf(p)N, [c]|—>[foc].
The differential of f is the map df : TM — TN, dfj, ,, ‘=dpf.
The map dj, f is well defined and linear. The map f is said to be an immersion
or a submersion if d, f is injective or surjective for every p € M respectively. A
diffeomorphism between manifolds is a smooth bijective map whose inverse is also
smooth. An embedding is an immersion f: M — N such that f(M) C N is a
submanifold of N and f: M — f(M) is a diffeomorphism.

Using local charts basically all local properties of differential calculus on R” can
be translated to manifolds. For example, we have the chain rule

dp(go f)=drp)godpf

and the inverse function theorem which states thatif d, f : T,M — Tr()N is alinear
isomorphism, then f maps a neighborhood of p diffeomorphically onto a neighborhood

of f(p).
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A.3.2 Vector bundles. We can think of the tangent bundle as a family of pairwise
disjoint vector spaces parametrized by the points of the manifold. In a suitable sense
these vector spaces depend smoothly on the base point. This is formalized by the
concept of a vector bundle.

Definition A.3.8. Let K = R or C. Let £ and M be manifolds of dimension m + n
and m respectively. Let 7: E — M be a surjective smooth map. Let the fiber
E, := 7~ 1(p) carry a structure of K-vector space 'V, for each p € M. The quadruple
(E,m, M,{Vy}pem) is called a K-vector bundle if for every p € M there exists an
open neighborhood U of p in M and a diffeomorphism ®: 7~ 1(U) — U x K" such
that the following diagram

7 Y(U) — 2 S UxK”
NP4 ato
U

commutes and for every ¢ € U the map w3 o ®|g,: E; — K" is a vector space
isomorphism. Here r;: U x K" — U denotes the projection onto the first factor U
and m: U x K" — K” is the projection onto the second factor K”.

Figure 41. Vector bundle.

Such a map ®: 771(U) — U x K" is called a local trivialization of the vector
bundle. The manifold E is called the total space, M the base, and the number n the
rank of the vector bundle. Often one simply speaks of the vector bundle E for brevity.

A vector bundle is said to be rrivial if it admits a global trivialization, that is, if
there exists a diffeomorphism as in (A.16) with U = M.
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Examples A.3.9. a) The tangent bundle of any n-dimensional manifold M is a real
vector bundle of rank 7. The map r is given by the canonical map (7, M) = {p} for
all pe M.

b) Most operations from linear algebra on vector spaces can be carried out fiberwise
on vector bundles to give new vector bundles. For example, for a given vector bundle £
one can define the dual vector bundle E*. Here one has by definition (E*), = (E,)*.
Similarly, one can define the exterior and the symmetric powers of E. For given K-
vector bundles E and F one can form the direct sum E @ F, the tensor product £ ® F,
the bundle Homk (E, F) etc.

¢) The dual vector bundle of the tangent bundle is called the cotangent bundle and
is denoted by T*M .

d) Let n be the dimension of M and k € {0,1,...,n}. The kth exterior power
of T*M is the bundle of k-linear skew-symmetric forms on TM and is denoted by
A¥T*M . Tt is a real vector bundle of rank #lk)' By convention A°T*M is the
trivial real vector bundle of rank 1.

Definition A.3.10. A section in a vectorbundle (E, 7w, M, {V,}pem)isamaps: M —
E such that

mos =idy.
Ep
s(p)
s(M)
E
v
M
p

Figure 42. Section in a vector bundle.

As M and E are smooth manifolds we can speak about C*-sections, k € N U {oo}.
The set Ck (M, E)of C k_sections of a given K-vector bundle forms a K-vector space,
and a module over the algebra C*(M,K) as well because multiplying pointwise any
Ck_section with any C¥-function one obtains a new C¥-section.

In each vector bundle there exists a canonical smooth section, namely the zero
section defined by s(x) := 0, € E,. However, there does not in general exist any
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smooth nowhere vanishing section. Moreover, the existence of n everywhere linearly
independent smooth sections in a vector bundle of rank » is equivalent to its triviality.

ExamplesA.3.11. a)Let E = M xK”" be the trivial K-vector bundle of rank n over M .
Then the sections of E are essentially just the K”-valued functions on M.
b) The sections in £ = TM are called the vector fields on M. 1If (U, ¢) is a

local chart of the n-dimensional manifold M, then for each j = 1,...,n the curve
ct) = o Yo(p) + tej) represents a tangent vector %(p) where ey, ..., e, denote
the standard basis of R”. The vector fields axil’ R axin are smooth on U and yield a

basis of T, M forevery p € U,

0
T,M = Spang (@

ad
(p)so--s W(p)) :

¢) The sections in E = T*M are called the 1-forms. Let (U, ¢) be a local chart
of M. Denote the basis of 7, M dual to axil(p), cee, axin(p) by dx'(p),...,dx"(p).
Then dx!,...,dx" are smooth 1-forms on U.

d)Fixk € {0,...,n}. Sectionsin E = A*¥T*M are called k-forms. Given a local
chart (U, ¢) we get smooth k-forms which pointwise yield a basis of A¥T*M by

dx™' Ao A dxE, 1 <i)p<---<ip <n.

In particular, for k = n the bundle A" T*M has rank 1 and a local chart yields the
smooth local section dx! A--- Adx". Existence of a global smooth sectionin A" T* M
is equivalent to M being orientable.

e) For each p € M let [AM|, be the set of all functions v: A"TyM — R
with v(AX) = [A[-v(X) forall X € A"T M and all A € R. Now [AM|, is a
1-dimensional real vector space and yields a vector bundle |AM | of rank 1 over M.
Sections in |A M | are called densities.

Given a local chart (U, ¢) there is a smooth density |dx| defined on U and charac-
terized by

ldx|(dx* A - Adx™) = 1.

The bundle |A M| is always trivial. Its importance lies in the fact that densities can be
integrated. There is a unique linear map

[ DM, |AM|) - R,
M
called the integral, such that for any local chart (U, ¢) and any f € D (U, R) we have
[ f|dx|=[ (foe Hx!, ..., x")ydx' .. . .dx"
M o)

where the right-hand side is the usual integral of functions on R” and O (M, E) denotes
the set of smooth sections with compact support.
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f) Let E be areal vector bundle. Smooth sections in E* ® E* which are pointwise
nondegenerate symmetric bilinear forms are called semi-Riemannian metrics or inner
products on E. An inner product on E is called Riemannian metric if it is pointwise
positive definite. An inner product on E is called a Lorentzian metric if it has pointwise
signature (— 4 ... 4). In case E = TM a Riemannian or Lorentzian metric on £
is also called a Riemannian or Lorentzian metric on M respectively. A Riemannian or
Lorentzian manifold is a manifold M together with a Riemannian or Lorentzian metric
on M respectively.

Any semi-Riemannian metric on 7*M yields a nowhere vanishing smooth density
dV on M. Inlocal coordinates, write the semi-Riemannian metric as

n
Z gijdx' ® dx’.

i,j=1

Then the induced density is given by
dV = /| det(gi;)| |dx|.

Therefore there is a canonical way to form the integral f u J dV of any function f €
D (M) on a Riemannian or Lorentzian manifold.

g) If E is acomplex vector bundle a Hermitian metric on E is by definition a smooth
section of E*Q®pr E™* (the real tensor product of E* with itself) which is a Hermitian
scalar product on each fiber.

DefinitionA.3.12. Let (E, 7w, M,{V,}pem) and (E', ', M’, {"Vl’),}p/EM/) be K-vector
bundles. A vector-bundle-homomorphism from E to E’ is a pair (f, F) where

(1) f: M — M’ is a smooth map,

(2) F: E — E’is asmooth map such that the diagram

E—f o p

ﬂi f i,,,

M—M
commutes and such that Fj Ep E,—-FE }(p) is K-linear for every p € M.

If M = M’ and f = idps a vector-bundle-homomorphism is simply a smooth
section in Homg (E, E’) — M.

Remark A.3.13. Let E be a real vector bundle with inner product (-, -). Then we get
a vector-bundle-isomorphism #==: E — E* =(X) = (X, ).

In particular, on a Riemannian or Lorentzian manifold M with E = TM one can
define the gradient of a differentiable function f: M — Rby grad f := &~ (df) =
(df)*. The differential df is a 1-form defined independently of the metric while the
gradient grad f is a vector field whose definition does depend on the semi-Riemannian
metric.
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A.3.3 Connections on vector bundles. For a differentiable function f: M — R on
a (smooth) manifold M its derivative in direction X € C*°(M, TM) is defined by

Iy f = df(X).

We have defined the concept of differentiability of a section s in a vector bundle. What
is the derivative of s?

Without further structure there is no canonical way of defining this. A rule for
differentiation of sections in a vector bundle is called a connection.

Definition A.3.14. Let (E, 7w, M,{V,}penm) be a K-vector bundle, K := Ror C. A
connection (or covariant derivative) on E is a R-bilinear map

V:C®(M, TM)x C*®(M,E) - C>*®(M,E),
(X,s) — Vyxs,

with the following properties:

(1) The map V is C°°(M)-linear in the first argument, i.e.,
Vsz = fVXS

holds for all f € C®(M), X € C®°(M,TM) and s € C®(M, E).

(2) Themap V is aderivation withrespect to the second argument, i.e., itis K-bilinear
and

Vx(f-s)=0xf-s+ f-Vxs
holds for all f € C*(M), X € C*®°(M,TM)ands € C*°(M, E).

The properties of a connection imply that the value of Vys at a given point p € M
depends only on X(p) and on the values of s on a curve representing X (p).

Let V be a connection on a vector bundle £ over M. Letc: [a,b] — M be a
smooth curve. Given s9 € E.(q) there is a unique smooth solution s: [a,b] — E,
t = 5(t) € Ec(p, satisfying s(a) = so and

Vs = 0. (A.17)

This follows from the fact that in local coordinates (A.17) is a linear ordinary differential
equation of first order. The map

HC: Ec(a) d Ec(b)’ So > S(b),

is called parallel transport. 1t is easy to see that 1, is a linear isomorphism. This
shows that a connection allows us via its parallel transport to “connect” different fibers
of the vector bundle. This is the origin of the term “connection”. Be aware that in
general the parallel transport I1, does depend on the choice of curve ¢ connecting its
endpoints.
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Any connection V on a vector bundle E induces a connection, also denoted by V,
on the dual vector bundle E* by

(Vx0)(s) := dx (6(s)) — 0 (Vxs)

forall X € C®(M,TM), 0 € C®(M,E*) ands € C*®(M, E). Here 0(s) €
C° (M) is the function on M obtained by pointwise evaluation of 6(p) € E; on
s(p) € Ep.

Similarly, tensor products, exterior and symmetric products, and direct sums inherit
connections from the connections on the vector bundles out of which they are built.
For example, two connections V and V' on E and E’ respectively induce a connection
Don EQ® E’by

Dx(s ®s') == (Vxs) ®s" +5® (Vys)
and a connection D on E @ E’ by
Dx(s @) := (Vxs) @ (Vys))

forall X € C®°(M,TM),s € C®°(M,E)ands’ € C®°(M, E’).
If a vector bundle E carries a semi-Riemannian or Hermitian metric (-, -), then a
connection V on E is called metric if the following Leibniz rule holds:

ax ({s,s")) = (Vxs,s') + (s, Vxs')

forall X € C®°(M,TM) ands,s’ € C*®°(M, E).
Given two vector fields X, Y € C®°(M, T M) there is a unique vector field [X, Y] €
C® (M, TM) characterized by

ox,y1f = dxdy f —dydx f

forall f € C*°(M). Themap [-,]: C*°(M, TM)x C®°(M,TM) - C*®(M,TM)
is called the Lie bracket. It is R-bilinear, skew-symmetric and satisfies the Jacobi
identity

[[X, Y] Z]1+[[Y,Z], X]+[[Z,X],Y] = 0.

Definition A.3.15. Let V be a connection on a vector bundle E. The curvature tensor
of V is the map

R: C®(M,TM) x C®(M,TM) x C*(M,E) - C®(M, E),
(X, Y, S) g R(X, Y)S = V}((Vys) — Vy(VXS) — V[X’Y]S.

One can check that the value of R(X,Y)s at any point p € M depends only
on X(p), Y(p), and s(p). Thus the curvature tensor can be regarded as a section,
R e C®(M,A’T*M ® Homk (E, E)).
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Now let M be an n-dimensional manifold with semi-Riemannian metric g on TM .
It can be shown that there exists a unique metric connection V on 7'M satisfying

VxY — Vy X = [X,Y]

for all vector fields X and Y on M. This connection is called the Levi-Civita connection
of the semi-Riemannian manifold (M, g). Its curvature tensor R is the Riemannian
curvature tensor of (M, g). The Ricci curvature ric € C®(M,T*M ® T*M) is
defined by

n
ric(X,Y) := Zej g(R(X.,ej)e;.Y)
i=1
where ey, ..., e, are smooth locally defined vector fields which are pointwise orthonor-
mal with respect to g and ¢; = g(e;,e;) = *1. It can easily be checked that this
definition is independent of the choice of the vector fields ey, ..., e,. Similarly, the
scalar curvature is the function scal € C*°(M, R) defined by

n
scal := Zsj ric(e;, ;).
J=1

A.4 Differential operators

In this section we explain the concept of linear differential operators and we de-
fine the principal symbol. A detailed introduction to the topic can be found e.g. in
[Nicolaescul1996, Ch. 9]. As before we write K = R or C.

Definition A.4.1. Let E and F be K-vector bundles of rank n and m respectively over
a d-dimensional manifold M. A linear differential operator of order at most k from
E to F is a K-linear map

L: C®(M,E) — C®(M, F)

which can locally be described as follows: For every p € M there exists an open
coordinate-neighborhood U of p in M on which E and F are trivialized and there are
smooth maps A, : U — Homg (K", K™) such that on U

olols
Ls = Z Ay e
la|<k
Here summation is taken over all multiindices @ = (a1, ...,g) € N? with |a| :=
d glal g¥1tteq . .
> y=1% = k. Moreover, 55 := DT In this definition we have used the
xl .. 0X

local trivializations to identify sections in £ with K”-valued functions and sections in
F with K™-valued functions on U. If L is a linear differential operator of order at
most k, but not of order at most k — 1, then we say that L is of order k.
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Note that zero-order differential operators are nothing but sections of Homg (£, F),
i.e., they are vector-bundle-homomorphisms from E to F'.

Definition A.4.2. Let L be a linear differential operator of order k from £ to F. The
principal symbol of L is the map

or: T*M — Homg (E, F)

defined locally as follows: Foragiven p € M write L = ZI al<k Ao % inacoordinate
neighborhood of p with respect to local trivializations of £ and F asin Definition A.4.1.

For every £ = Zle &r -dx" € Ty M we have with respect to these trivializations,

or(§) == ) E“Au(p)

lo|=k
where £% := £ ... £7. Here we have used the local trivializations of E and F to

identify Homg (£, F) with Homg (K", K™).

One can show that the principal symbol of a differential operator is well defined,
that is, it is independent of the choice of the local coordinates and trivializations.
Moreover, the principal symbol of a differential operator of order k is, by definition, a
homogeneous polynomial of degree k on T* M.

Example A.4.3. The gradient is a linear differential operator of first order
grad: C*°(M,R) — C®(M,TM)
with principal symbol
O (§)f = f - &%
Example A.4.4. The divergence yields a first order linear differential operator
div: C®°(M,TM) - C*(M,R)
with principal symbol
oaiv(§)X = §(X).
Example A.4.5. Foreach k € N there is a unique linear first order differential operator
d: C®(M, A T*M) — C®(M, AFT1T* M),

called exterior differential, such that

(1) for k = O the exterior differential coincides with the differential defined in
Definition A.3.7, after the canonical identification 7, R = R,

(2) d2 =0: C®(M,AKT*M) — C®°(M, A*T2T* M) for all k,

(3) dw An) = (dw) A+ (—=D¥w A dpy for all o € C®(M, AKT*M) and
neC®M,AT*M).
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Its principal symbol is given by

oi§)w=§ANo.

Example A.4.6. A connection V on a vector bundle E can be considered as a first
order linear differential operator

V:C®(M,E) > C®(M, T*M Q E).
Its principal symbol is easily be seen to be

ovi)e=£(Qe.

Example A.4.7. If L is a linear differential operator of order 0, i.e., L is an element
of C®°(M,Hom(E, F)), then

or(§) = L.

Remark A4.8. If L;: C®(M, E) — C°°(M, F) is a linear differential operator of
order k and L,: C®°(M, F) — C*(M, G) is a linear differential operator of order /,
then L, o L is a linear differential operator of order k + /. The principal symbols
satisfy

0LyoL, (§) = 0L, (§) 0 0oL, (§).

A.5 More on Lorentzian geometry

This section is a rather heterogeneous collection of results on Lorentzian manifolds.
We give full proofs. This material has been collected in this appendix in order not to
overload Section 1.3 with technical statements.

Throughout this section M denotes a Lorentzian manifold.

Lemma A.5.1. Let the causal relation < on M be closed, i.e., for all convergent
sequences p,— p and g,—q in M with p, < g, we have p < q.
Then for every compact subset K of M the subsets J _Iy (K) and JM (K) are closed.

Proof. Let (¢n)neN be any sequence in J fr"l (K) converging in M and g € M be its
limit. By definition, there exists a sequence (py)xeN in K with p, < g, for every n.
Since K is compact we may assume, after to passing to a subsequence, that (py,)seN
converges to some p € K. Since < is closed we get p < ¢, hence g € Jﬁ” (K). This
shows that Jf[(K) is closed. The proof for J (K) is the same. |

Remark A.5.2. If K is only assumed to be closed in Lemma A.5.1, then J i” (K) need
not be closed. The following picture shows a curve K, closed as a subset and asymptotic
to a lightlike line in 2-dimensional Minkowski space. Its causal future J fy (K) is the
open half plane bounded by this lightlike line.
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Figure 43. Causal future J _{‘_4 (K) is open.

Lemma A.5.3. Let M be a time-oriented Lorentzian manifold. Let K C M be a
compact subset. Let A C M be a subset such that, for every x € M, the intersection
AN JM(x) is relatively compact in M.

Then AN JM(K) is a relatively compact subset of M. Similarly, if AN J i” (x) is
relatively compact for every x € M, then AN J fr‘” (K) is relatively compact.

JMK)N A

Figure 44. A N JM (K) is relatively compact.

Proof. Tt suffices to consider the first case. The family of open sets 1M (x), x € M , is

an open covering of M. Since K is compact it is covered by a finite number of such
sets,

KcCIMx)U---UIM(x).

We conclude

JMK) cI_(IM ) U UTM () c TM(x) U= U TM ().
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Since each A N JM (x;) is relatively compact, we have that

I
AnIMEK) c | (AnTM(x))
j=1

is contained in a compact set. |

Corollary A.5.4. Let S be a Cauchy hypersurface in a globally hyperbolic Lorentzian
manifold M and let K C M be compact. Then JM(K) N S and JM (K) N JM(S)
are compact.

Proof. The causal future of every Cauchy hypersurface is past-compact. This fol-
lows e.g. from [O’Neill1983, Chap. 14, Lemma 40]. Applying Lemma A.5.3 to
A = Jfl (S) we conclude that JM (K) N Jfl (S) is relatively compact in M. By
[O’Neill1983, Chap. 14, Lemma 22] the subsets J i"[ (S) and the causal relation “<”
are closed. By Lemma A.5.1 JM (K) N Jﬂ’f (S) is closed, hence compact.

Since S is a closed subset of Ji” (S) we also have that JM (K) N S is compact.
The statements on Jf (K) N JM(S) and on Jf (K) N S are analogous. |

LemmaA.5.5. Let M be atime-oriented convex domain. Then the causal relation “<”
is closed. In particular, the causal future and the causal past of each point are closed
subsets of M.

Proof. Let p, pi,q,qi € M with lim;_, p; = p, limj_,s q; = ¢, and p; < g; for
all i. We have to show p < gq.

Let x € T, M be the unique vector such that ¢ = exp,(x) and, similarly, for
each i let x; € Tj, M be such that exp, (x;) = ¢;. Since p; < g; and since exp,
maps J4+(0) N exp;i1 (M) in Ty, M diffeomorphically onto J f (pi), we have x; €
J+(0), hence (x;,x;) < 0. From lim;_, p; = p and lim; o, ¢; = g we conclude
lim; .o, X; = x and therefore (x,x) < 0. Thusx € J;(0) U J_(0) C T, M.

Now let 7' be a smooth vector field on M representing the time-orientation. In
other words, T is timelike and future directed. Then (T, x;) < 0 because x; is future
directed and so (T, x) < 0 as well. Thus x € J1(0) C T, M and hence p < g. |

Lemma A.5.6. Let M be a time-oriented Lorentzian manifold and let S C M be
a spacelike hypersurface. Then for every point p in S, there exists a basis of open
neighborhoods Q2 of p in M such that S N Q is a Cauchy hypersurface in Q.

Proof. Let p € S. Since every spacelike hypersurface is locally acausal there exists an
open neighborhood U of p in M such that S N U is an acausal spacelike hypersurface
of U. Let Q2 be the Cauchy development of S N U in U.
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SNnU Q

Figure 45. Cauchy developmentof S N U in U.

Since €2 is the Cauchy development of an acausal hypersurface containing p, it is
an open neighborhood of p in U and hence also in M. It follows from the definition of
the Cauchy development that 2 NS = S N U and that S N Q is a Cauchy hypersurface
of Q.

Given any neighborhood V' of p the neighborhood U from above can be chosen
to be contained in V. Hence 2 is also contained in V. Therefore we get a basis of
neighborhoods €2 with the required properties. |

On globally hyperbolic manifolds the relation < is always closed [O’Neill1983,
Chap. 14, Lemma 22]. The statement that the sets J ﬂ’[ (p) N JM(g) are compact can
be strengthened as follows:

Lemma A.5.7. Let K, K' C M two compact subsets of a globally hyperbolic Lorentz-
ian manifold M. Then Jf (K) N JM(K") is compact.

Proof. Let p in M. By the definition of global-hyperbolicity, the subset J f’l (p) is
past compact in M. It follows from Lemma A.5.3 that J ﬁ” (p) N JM(K’) is relatively
compact in M. Since the relation < is closed on M, the sets J fr” (p) and JM (K")
are closed by Lemma A.5.1. Hence J ff (p) N JM(K') is actually compact. This
holds for every p € M, i.e., JM(K’) is future compact in M. It follows again from
Lemma A.5.3 that J i” (K) N JM(K’) is relatively compact in M, hence compact by
Lemma A.5.1. |

Lemma A.5.8. Let Q2 C M be a nonempty open subset of a time-oriented Lorentzian
manifold M. Let Jfr” (p) N JM(q) be contained in Q for all p,q € Q. Then Q is
causally compatible.

If furthermore M is globally hyperbolic, then Q2 is globally hyperbolic as well.

Proof. We first show that JM (p) N Q = Jiz (p) forall p € Q. Let p € Q be fixed.

i

The inclusion Jiz (p) C J{¥(p) N 2 is obvious. To show the opposite inclusion let
qgeJ j{” (p) N Q. Then there exists a future directed causal curve c: [0, 1] - M with
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¢(0) = p and ¢(1) = g. Forevery z € ¢([0,1]) wehave z € JM (p) N JM(g) C Q,
ie., ¢([0,1]) € Q. Therefore g € Jf(p). Hence Jfr"’(p) N C Jf(p) and
JM(p) N Q c J#(p) can be seen similarly.

We have shown J i” (p)NQ = Jf (p), i.e., Q is a causally compatible subset
of M. Letnow M be globally hyperbolic. Then since for any two points p, g € 2 the
intersection J f’ (p) N JM(g) is contained in Q the subset

IEnif@ =1 niM@na=7p)nMeg
is compact. Remark 1.3.9 concludes the proof. |

LemmaA.5.9. Forany acausal hypersurface S in a time-oriented Lorentzian manifold
the Cauchy development D(S) is a causally compatible and globally hyperbolic open
subset of M.

Proof. Let S be an acausal hypersurface in a time-oriented Lorentzian manifold M. By
[O’Neill1983, Chap. 14, Lemma 43] D(S) is an open and globally hyperbolic subset
of M. Let p,q € D(S). Letz € Jfrw(p) N JM(q). We choose a future directed
causal curve ¢ from p through z to g. Extend ¢ to an inextendible causal curve in M,
again denoted by ¢. Since p € D(S) the curve ¢ must meet S. Since S is acausal this
intersection point is unique.

Now let ¢ be any inextendible causal curve through z. If ¢ intersects S before z, then
look at the inextendible curve obtained by first following ¢ until z and then following c.
This is an inextendible causal curve through ¢. Since ¢ € D(S) this curve must
intersect S. This intersection point must come before z, hence lie on ¢. Similarly,
if ¢ intersects S at or after z, then look at the inextendible curve obtained by first
following ¢ until z and then following ¢. Again, this curve is inextendible causal and
goes through p € D(S). Hence it must hit S and this intersection point must come
before or at z, thus it must again lie on ¢.

In any case ¢ intersects S. This shows z € D(S). We have proved J fr” (p) N
JM(q) C D(S). By Lemma A.5.8 D(S) is causally compatible in M. O

Note furthermore that, by the definition of D(S), the acausal subset S is a Cauchy
hypersurface of D(S).

Lemma A.5.10. Let M be a globally hyperbolic Lorentzian manifold. Let Q2 C M be
a causally compatible and globally hyperbolic open subset. Assume that there exists a
Cauchy hypersurface % of 2 which is also a Cauchy hypersurface of M.

Then every Cauchy hypersurface of 2 is also a Cauchy hypersurface of M.

Proof. Let S be any Cauchy hypersurface of 2. Since €2 is causally compatible in M,
achronality of S in €2 implies achronality of S in M.

Let c: I — M be any inextendible timelike curve in M. Since ¥ is a Cauchy
hypersurface of M there exists some ¢y € I with c(tp) € ¥ C Q. Let I’ C I be the
connected component of ¢~!(£2) containing 7. Then I’ is an open interval and c|;/
is an inextendible timelike curve in 2. Therefore it must hit S. Thus S is a Cauchy
hypersurface in M. |
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Given any compact subset K of a globally hyperbolic manifold M, one can con-
struct a causally compatible globally hyperbolic open subset of M which is “causally
independent” of K:

Lemma A.5.11. Let K be a compact subset of a globally hyperbolic Lorentzian mani-
fold M. Then the subset M\ J™ (K) is, when nonempty, a causally compatible globally
hyperbolic open subset of M.

Proof. Since M is globally hyperbolic and K is compact it follows from Lemma A.5.1
that JM (K) is closed in M, hence M \ JM (K) is open. Next we show that Jf x)N
JM(y)y c M\ JM(K) for any two points x, y € M \ J(K). It will then follow from
Lemma A.5.8 that M \ JM™ (K) is causally compatible and globally hyperbolic.
Letx,y € M\ JM(K) and pick z € Jfrw(x) NJMy). Ifz ¢ M\ JM(K), then
ze JIMK)UIM(K). Ifz € JM(K),theny € T (z) c IM(JM(K)) = JM(K)
in contradiction to y ¢ JM(K). Similarly, if z € JM(K) we get x € JM(K),
again a contradiction. Therefore z € M \ JM (K). This shows J fr"’ @) NJMy) c
M\ JM(K). O

Next we prove the existence of a causally compatible globally hyperbolic neigh-
borhood of any compact subset in any globally hyperbolic manifold. First we need a
technical lemma.

LemmaA.5.12. Let A and B two nonempty subsets of a globally hyperbolic Lorentzian
manifold M. Then Q2 := 1 f’ (A)NIM(B) isaglobally hyperbolic causally compatible
open subset of M.

Furthermore, if A and B are relatively compact in M, then so is SQ.

Proof. Since the chronological future and past of any subset of M are open, so is 2.
For any x, y € Q we have Jf(x)ﬂ]f’[(y) C Q2 because Jﬂ’l(x) C Jﬁ’[(lf(A)) =
IM(A) and JM(y) c JM(IM(B)) = IM(B). Lemma A.5.8 implies that 2 is
globally hyperbolic and causally compatible.

If furthermore A and B are relatively compact, then

QcIMA)ynIMB) cIMA)nJIM(B)

and J f (A) N JM(B) is compact by Lemma A.5.7. Hence  is relatively compact
inM. O

Proposition A.5.13. Let K be a compact subset of a globally hyperbolic Lorentzian
manifold M. Then there exists a relatively compact causally compatible globally
hyperbolic open subset O of M containing K.

Proof. Let h: M — R be a Cauchy time-function as in Corollary 1.3.12. The level
sets S; := h~!({t}) are Cauchy hypersurfaces for eacht € h(M). Since K is compact
so is 1(K). Hence there exist numbers 7, 7— € h(M) such that

Si, NJM(K) =0,
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that is, such that K lies in the past of Sy, and in the future of S;_. We consider the
open set
O0:=I"UMEK)NS,)n I¥(IMK)NS,.).

JM(EK)N S,

AN l 7/
7/
//
< (0]
AN
AN
\
/g_/_\\ St
, i \

JMK)NS;_

Figure 46. Construction of globally hyperbolic neighborhood O of K.

We show K C O. Let p € K. By the choice of t+ we have K C J}F"’(Sti).
Choose any inextendible future directed timelike curve starting at p. Since Sy, is
a Cauchy hypersurface, it is hit exactly once by this curve at a point g. Therefore
g€ IM(K)NS, hence p e IM(q) c IMUM(K)NS, ) CIMUIMK)NS,,).
Analogously p € I_Iy(.]iw(K) N S;_). Therefore p € O.

It follows from Lemma A.5.12 that O is a causally compatible globally hyperbolic
open subset of M. Since every Cauchy hypersurface is future and past compact, the
subsets JM(K) N S;_ and Jfr” (K) NSy, are relatively compact by Lemma A.5.3.
According to Lemma A.5.12 the subset O is also relatively compact. This finishes the
proof. a

Lemma A.5.14. Let (S, go) be a connected Riemannian manifold. Let I C R be an
open interval and let f: I — R be a smooth positive function. Let M = I x S and
g=—d 1?4 f(t)%go. We give M the time-orientation with respect to which the vector
field a% is future directed.

Then (M, g) is globally hyperbolic if and only if (S, go) is complete.

Proof. Let (S, go) be complete. Each slice {#o} x S in M is certainly achronal, ty € 1.
We show that they are Cauchy hypersurfaces by proving that each inextendible causal
curve meets all the slices.

Letc(s) = (¢(s), x(s)) be acausal curve in M = [ x §. Without loss of generality
we may assume that ¢ is future directed, i.e., t’(s) > 0. We can reparametrize ¢ and
use ¢ as the curve parameter, i.e., ¢ is of the form c(¢) = (¢, x(¢)).

Suppose that ¢ is inextendible. We have to show that ¢ is defined on all of /.
Assume that ¢ is defined only on a proper subinterval («, 8) C I with, say, @ € [I.
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Pick ¢ > 0 with [« — &, + ¢] C I. Then there exist constants C; > C; > 0 such
that C; < f(t) < Cy forallt € [@ — &,a + ¢]. The curve ¢ being causal means
0 > g(c'(t),c'(t)) = =1+ f(t)?||x'(t)||*> where || - || is the norm induced by go.
Hence ||x'(?)|| < % < CLl forallt € («, + ¢).

Now let (#;); be a sequence with #; N\, «. For sufficiently large i we have t; €
(a,00 +¢€). For j > i > 0 the length of the part of x from #; to ¢; is bounded from
above by tjc_l ' Thus we have for the Riemannian distance

dist(x (1)) x(6)) < 21
Gy
Hence (x(#;)); is a Cauchy sequence and since (S, go) is complete it converges to a
point p € S. This limit point p does not depend on the choice of Cauchy sequence
because the union of two such Cauchy sequences is again a Cauchy sequence with a
unique limit point. This shows that the curve x can be extended continuously by putting
x(a) := p. We extend x in an arbitrary fashion beyond « to a piecewise C!-curve
with ||x'(2)| < C% forall ¢ € (o — &, ). This yields an extension of ¢ with

2
SO0 =1+ [P IO =1+ 10 <0

2

Thus this extension is causal in contradiction to the inextendibility of c.

Conversely, assume that (M, g) is globally hyperbolic. We fix fp € I and choose
& > Osuchthat [fo —¢&, 79 + €] C I. There is a constant 7 > 0 such that % > p for all
t €lto—e.to+¢]. Fix p € S. Forany g € S with dist(p,q) < 5! there is a smooth
curve x in S of length at most £7 joining p and ¢. We may parametrize x on [tg, to + £]
such that x(fg) = ¢, x(to + ¢) = p and ||x’|| < 1. Now the curve ¢(¢) := (¢, x(¢)) is
causal because

gle' )y =1+ f2I¥? <=1+ f2n* <0.

Moreover, ¢(ty) = (to,q) and c(tg + &) = (to + €. p). Thus (to.q) € JM (ty + &, p).
Similarly, one sees (fp,q) € Jf (to — &, p). Hence the closed ball B,(p) in S is
contained in the compact set J ﬁ” (to — &, p) N JM(ty + &, p) and therefore compact
itself, where r = % We have shown that all closed balls of the fixed radius r > 0
in S are compact.

Every metric space with this property is complete. Namely, let (p;); be a Cauchy
sequence. Then there exists iy > 0 such that dist(p;, p;) < r whenever i, j > ip.
Thus p; € B, ( Diy) for all j > ip. Since any Cauchy sequence in the compact ball

B, ( Di,) must converge we have shown completeness. (|
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